Chapter 6

Factoring and Fractions
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Factoring and | ¢ Factoring: Common 6.1 Special Products

Fractions factors and difference | 6.2 Factoring: Common factors
between two squares and difference between two
squares

6.3 Factors trinomials
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Ch. 6.1: Special Products

 We apply the distributive law when
multiplying algebraic products.

* We need to become familiar with the special
products to ease our work with polynomials.

 Work with literal numbers as you would with
numbers.

Copyright © 2005 Pearson Education Canada Inc. 6-3



General factoring method.

(a+b)(c+d)

Last

Inner

(a+b)(c+d)=ac+rad+bec+bd

First F O | L

Quter

We also have special products to help us do expansiosn
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Remember these

Ped Pd
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Example 1

* Multiply: 5x (3 — 8y)
* Weuse: 1. a(x+y)=ax+ay

| ' : . .
5x (3 =8 1.  Multiply the outside term with the 15t
( y) term of the binomial.
— 2. Multiply the outside term with the 2"
= 15X 40Xy term of the binomial.
m |n this way, each term is multiplied
together.

Copyright © 2005 Pearson Education Canada Inc. 6-6



Example 2

o (x+4)?
e use: 3. (X + V)2 = X2+ 2Xy +Vy?
 Solution:
(x +4)°=(x + 4) (x + 4)
= X% + (2x4)X + 42
=X?+8x + 16
(x+yRER Y
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Example 3

« Multiply: (x +7) (x - 7)

e Weuse: 5. (X +VY)(X-V) =x2-y?

« Solution:

(x+7)(x-7) =x2=T7X+ 7X - 72
= X2 -49

UA Difference of Squares 7
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Example 4

* Multiply: (x —8)(2x + 1)
* We use:
6. (ax + b)(cx + d) = acx? + (ad + bc)x + bd
e Solution:
(x—8)(2x + 1)
= (Ix2)x? + (1x1- 8x2)x + (-8x1)
= 2Xx2 - 15x - 8

D Each term is multiplied by each other term. 7
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Could we just use this?

(a+b)(c+d)

Last

Inner

(a+b)(c+d)=ac+rad+bec+bd

First F O | L

Quter
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3 (J:+ y](xz—x}% yz): X
4 (x— y)(:cg+ Xy 4 yz)= X
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Exa M p | e 5 @ (x — J-’)(xz —Xy+ .,1"}2): xj n }-’3

* Multiply: (X + 5)(x? — 5x + 25)
e Solution:
* We use #3 recognizing the 5 and its square 25.

(X + 5)(x? —=5x + 25) = x3+ 125
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Summary

* Recognizing the forms that polynomials take
will assist in finding their products.

* Being able to identify the products with a
difference of squares and perfect squares and
cubes will help in simplifying algebraic products.
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alx + y) = ax + ay (
(x +y)x—y) = x2 — y? (i
(x + ) = 2 + 20y + (
(x =y =2 —-2xy +y
(x + a)(x + b) = X* + (a + b)x + ab
(ax + b)(cx + d) = acx” + (ad + be)x + bd
5. 40(x — y) 6. 2x(a — 3)
7. 2x%(x — 4) 8. 3a*(2a + 7) T
9. (T + 6)(T - 6) 10. (s + 2)(s — 2¢) E.xamlees
11. (3v — 2)(3v + 2) 12. (ab — c}.[n.;:b + E}m
17. {5f - 4)1' 18. (i) + 3)°
19. (2x + 17)? 20. (9a + 8b)*
21. (L% - 1)? 22. (b* — 6)°

6-14

23. (4a + Txy)? 24. (3A + 10z)°

A - F o Yy



=X —14LX T 40X — 04
18. (i, +3) = (i) +2(4)(3)+3
5. 4U(x—wy)::40x~40y =i’ +6i, +9
6. 2x(a-3)=2axr—6x 19. (2x+17)" =(2x)" +2(2%)(17)+17*

| =4x" +68x +289
7. 2x* (:c—~4) =2x —8x?

20. (9a+8b)" =(9a)" +2(9a)(8b)+(85)’

20 R 2
9. (T+6)(T-6)=T"-6>=T"-36 ’1. (Lz_l)z:([Jz)l_z‘Lz_l_l_lz
=L'-20" +]

10. (s + 2!)(3 —2!) = s> =251+ 25t —41*

= s? —47? 2. (b _6)3 =b" +2(~6b")+36 =b" ~12b" +36

11. (3'.»*—2)(3'u+2)=9'.:r2 —6v+06v-4

_gy? _4 23. (4a+ Tn’xy)2 =16a’ +56axy +49x* )’

Copyright © 2005 Pearson Education Canada Inc. 6-15



Ch. 6.2: Factoring: Common Factor
and Difference of Squares

* To factor an expression, we decompose that
expression into its smallest factors.

* |tinvolves reversing the process of finding a
product.

* A polynomial or a factor is called prime if it
contains no factors other than +1 or -1 and
plus or minus itself.
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Factoring

* The ability to
heavily on the
products.

« Example:

ctor algebraic expressions depends
oper recognition of the special

14x2 + 21X

78
X (2x + 3)
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Common Monomial Factors

e Given: 14x% + 21x = 7x( 2X + 3)

COMIMON
7X —> MONomial
lactor
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Common Monomial Factors

» We check the result by multiplication:

7X(2x + 3) = 14x? + 21X

QY-
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Factoring with ‘1’

e Factor: 15X + 45x2
= 15x(1 + 3x)

m When factoring out 15X, 1 is left behind to

remind us that 15X exists in the original
algebraic expression.

= Multiplying back through provides the check
that we need.
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Factoring the Difference of Two
Squares (this is the most useful?)

* The factors only differ by the middle sign.

* (X+y)(X-y)=xt-y?

* So, when factoring, we know that we can
decompose X? —y? into (X +Vy )(X—-Y)

Also note:

(ax +by) (ax - by) = (ax)* - (by)?
= a2x2 — h2y?



alx + y) = ax + ay

(x +¥)(x = y) =2 =
Example e——
(x = y)2 =2 = 2xy +)°

(x + a)(x + b) = xX* + (a + b)x + ab

(ax + b)(cx + d) = acx” + (ad + bc)x + bd

e Factor:4x2-9
= (2x)? - 32

= (2x + 3)(2x - 3) v

a ditterence of Squares
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alx + y) = ax + ay
Complete S %%

Factoring (x+ 3 = 2 + 215 + 5

(x = ,\')2 = x* - 2xy + )'2
(x +a)(x +b) =  + (a+ b)x + ab
(ax + b)(cx + d) = acx” + (ad + bc)x + bd

* Factoring an algebraic expression may require more than one
step.

« Example:

6X3 - 24X
= 6X(Xx% — 4)
=X (X + 2)(X-2)
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https://www.khanacademy.org/math/algebra/
multiplying-factoring-expression/factoring-
special-products/v/factoring-difference-of-
squares

https://www.khanacademy.org/math/algebra/
multiplying-factoring-expression/factoring-
special-products/v/factoring-to-produce-
difference-of-squares
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Factoring by Grouping

* |n some polynomials, terms can be grouped
together to help factor the algebraic
expression.

e We look for a common binomial factor in
these situations.
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Factor the following

Look for the
common
multiplication
factor

12. Sa' -20ax =5a(a—4x) (5a is a c.n.f)

12.
14.
16.
18.
20,
22,

alx + y) = ax + ay

(x + y)(x — y) = x* —»*

(x + y)* = 2+ 2y 4y

(x =)= —2xy + )

(x +a)(x + b) = X+ (a+ b)x + ab

(ax + b)(cx + d) = acx* + (ad + bc)x + bd

5a° — 20ax

90p* — 15p°

23a — 46b + 69¢
dpg — 14g° — 16pg*
27a*bh — 24ab - 9a
S5a + 10ax — 5ay — 20az

Examples
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18. 4pg—-14q* -16pq” =2q(2p—-T9-8pq)

A (2g is a c.m.f)

19. 12pg° -8pg—28pg’ = 4pff(3£; -2~ Tffl]
(4 pg is acam.f)
12. 5a° -20ax =5a(a—4x) (5a is a cm.f)
20. 27a’b-24ab-9a =3a(%ab-8b-3)
13. 288n" +24n=24n(12n+1) (24nisacm.f) (3a isa c.m.f)

14. 90p’ ~15p* =15p* (6p—1) (15p* isacm.f) 21. 24" -2b" +4c" —6d” = 2[.:11 ~b* +2¢° —E'-cf]
(2 1s a c.n.f)

15. 2x+4y-8z=2(x+2y—-4z) (2isacm.f)
22. Sa+10ax—5ay+20az =5a(l+2x -y +4z)

(5a 15 ac.m.f.)
16. 23a—46b+69c =23(a—2b+3c)
23, x*-4=x"-2"=(x-2)(x+2)
17. 3ab’® —6ab+12ab’ =3ab(b-2+4b") (because —2x+2x = 0x = 0)

(3ab isacan.f)
24, rP-25=p"-5° ={r—5}(r +5)

(because —5r+5r =0r =0)
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[Ch. 6.3: Factoring Trinomials ]

m Recall:

(r+a)(r—b]-r —(ﬂfb)*:—ﬂb

sum product
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(x+a)x+b)=x" —I—(ﬂ +b).1 +ab
\ﬁ(_‘ kﬁrﬁ_.'

sum product

Observations:

 We are to find integers a and b, and they are
found by noting that:

1. The coefficient of x4 is 1.

2. The final constant is the product of the
constants a and b in the factors, and,

3. The coefficient of x is the sum of a and b.
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(x+a)x+b)=x" +|(a +b)x+ab

Example —
g sum product

X2-X-6

Sk
\_Y_/\_Y_/ \\@(g@\‘@\

one”

Sum product «s®

Sumis-1 Productis -6/

What 2 numbers satisfy this.
=X*+(-3+2)x+ (-3 x2)

=(X-3)(X+2) Don'tforgettocheck
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Factoring General Trinomials

* Recall:
acx? + (ad + bc)x + bd = (ax + b)(cx + d)

 Observations:

1. The coefficient of X2 is the product of the
coefficients a and c in the factors,

2. The final constant is the product of the constants b
and d in the factors, and,

3. The coefficient of X is the sum of the inner and
outer products.
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Summary

e Be sure to factor an expression completely.

* We first look for the common monomial
factors and then check each resulting factor
to see if it can be factored when we complete

each step.
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16.

b — 12bc + 36¢°

18. 2n° — 13n — 7

20. 25x> + 45x — 10 :

2. 7 — 12y +5  (xtafx+b)=x +(.a+b}x+\jb_)
3.5~ 3"~ 2 sum product
26. 3n* — 20n + 20

28. 3x + xy — 14y°

30.

222+ 13z - 5

acx? + (ad + be)x + bd = (ax + b)(cx + d)

Copyright © 2005 Pearson Education Canada Inc.
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16.

17,

18,

19,

20,

21.

21,

23,

b* —12bx+36¢* =(b—6¢)(b—6¢) = (b-6¢)°
(because —12hec = —6bc—6hc)

3x' =5x-2=(3x+1)(x-2)

(because —S5x = —6x+ x)

2n" =13n-T=(2n+1)(n-7)

(because —13n=-14n+n)
12y* =32y ~12=4(3y+1)(y-3), (-8y =y -9y)

25x" +45x ~10=5(5x~1)(x +2)

(because 9x = 10x — x)

25" +13s+11=(25+11)(5+1)
(because 135 =25 +11s)

Ty =12y +5=(Ty-5)(y-1)
(because — 12y =-Ty—5y)

3/ =162 +5=(377 -1)(/* -5)

'SC

A

4.

25.

26.

27.

28.

29.

30.

SR'-3R*~2=(SR* +2)(R* -1)
=(5R* +2)(R+1)(R-1)

200+ Tt =15 =(2¢-3)(¢ +5)
(because 7¢ = 10r - 31)

3n" —20n + 20 = prime (cannot be further factored)

3 =Tt + 4’ = (3!‘ —~4H)(! - u:l
(because — 7tu = —dtu —3tu)

3x' +xy—14y" = (3x+7y)(x-2y)
(because xy = —6xy + Txy)

4x’ =3x -7 =(4x-7)(x+1)

(because —3x=4x-Tx)

2z" +13z -5 = prime (cannot be further factored)



(0] ol S w N =

-_—— ——

a(x + y) = ax + ay

(x+y)(x—p) =5 —»

(x + y)* = 2 + 2y + ¥

(x =y = X = 2xy + ¥y
(x+a)(x+b)=x2+(a+b)x+ab

(ax + b)(cx + d) = acx” + (ad + be)x + bd

S——
——————

(x+a)x+b)=x*+(a+b !x+\_:::r\./b_)
sum product
acx* + (ad + bc)x + bd = (ax + b)(cx + o)



The Sum and Difference of Cubes

=
=

Table of Cubes

Il
:3:, —

27

3 =125
216

AL RN
I
z
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b

=
-t

(x + _1.'}{-1'3 — xy +y
(x — _\'}{-1‘3 + xy + vy

| ]

=
I.r'
x

EXAMPLE 1 Factoring sum and difference of cubes

(a].r3+ﬁ=_r3—|—23 {h]x3—1=13—13
: - : [ -
= (x + 2)[(x)* - 2x + 2] = (x — D[(x)2 + (1)(x) + 17]
= (x +2)(x> — 2x + 4) =(x—D*+x+1)
() 8 — 27 = 2° — {1':}3 8 = 22and 27 = (3x)°
| I
= (2 — 3x)[2% + 2(3x) + (3x)?]
= (2 — 3x)(4 + 6x + 9x7) -
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x4 y = (x + _\'}{-13 — xy + _1':]
5 (x — _\'}{_13 + xy + _1':]

=
I.-'
x

EXAMPLE 2 First, factor out the common factor

2 2 :
- - ax-, we first note that each term has a common factor of ax”. This

is factored out to get ax*(x* — 1). However, the expression is not completely factored
because 1 = 13, which means that ©* — 1 is the difference of cubes (see Example 1(b)).
We complete the factoring by the use of Eq. (10). Therefore,

ax’ — ax® = ax*(x* — 1)

= axr’(x — 1)(x* + x + 1) o

In factoring ax
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Examples
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SUMMARY OF METHODS OF FACTORING

Common monomial factor Always check for this first.

Difference of squares

Factorable trinomial

o p -

Sum or difference of cubes

5. Factorable by grouping

CAUTION #» Be sure the expression is factored completely.
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Ch 6.5 Equivalent Fractions

3 «— numerator

5 +«——denominator how many pars you have

how many parts of the whole
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Ch 6.5 Equivalent Fractions

3 When we multiply or divide the numerator and
— denominator of a fraction by the same number we
4 obtain what is called an EQUIVALENT FRACTION

Simplest

Form \

Here we have an EQUIVALENT FRACTION since the ax 3alx
left hand side of the equation has been multiplied by 7 = 6
3a to obtain the right hand side a
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Example...

In order to reduce the fraction
16ab’c?
24ab*c’

to its lowest terms, note that both the numerator and the denominator contain the
factor 8ab®c?. Therefore,

+
16ab>* _ 2b(8ab’c®) 25
24ab%c®  3c(Babic?) 3

— common factor

Practice Exercise
Oxy”

1. Reduce to lowest terms:
152

Copyright © 2005 Pearson Education Canada Inc.
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Examples to try...

In Exercises 29 -64, reduce each fraction to simplest form,

2a
29,
Ba
EEIIF
32. 3
baxyz
da — 4b
3. 4a — 2b
2 2
xs =
38, .

.J:'z+:5.'1

Gx
0. —
15x
a+ b
Sal + Sab
205 — 5r
36. 10r — S5
Ix? — 6x
» =

Copyright © 2005 Pearson Education Canada Inc.

a1 18x%y
" 24xy

f — 4

2 _ 2

3.

I
41 + 1
4yt -1
1072 + 15T
T + 3

37
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29.

30,

31.

2 2a

1
8¢ 2a-4 4

6y - 33:{2]-5-11:

2
155 3x(5):3x s

18x"y  Gxy(3x)=+(6xy) 3x

24 xy - ﬁxy[4]+{ﬁxy] 4

32,

33.

34,

2.;;'1_1}: _ Emy{ﬂ}+{2m}’} - a
Gayz” 2&@!(331]—:'[2&1:}:}-321

at+b (a+b) 1

Sa* +5ab  Sa(a+b) Sa

T {taa}+[!—af} B ]

tf—a H{r-a}{r+ﬂ}+{r—a] - f+a



35.

36.

_-1].;;-4};_:1{5!—{?)+2 B E[ﬁ—b]
da-2b 2(2a-b)+2  2a-b

208 -5r —5{:‘—43}—:-5 —p+ds
0r 55 5(2r-8)+5  2r—s

4xt +1

4x* +1

Cax' -1 (2x-1)(2x+1)

Since no cancellations can be made the fraction

cannot be reduced.
38,

39,

x -yt (x-y)(x+y)

P o R By S

e }-‘E [.‘(‘2 +}’j'}
The x's and 's do not cancel out and the fraction

cannot be reduced.

3:4:_?'— By - 33:{1-~- E}u:—[x —2}

2 ()

107 +15T (27 +3)5T +(27 +3)
2+3  (27+3)+(2T+3)




'L

More Exa
I+ 2y
4 + 6y
x> —8x+ 16
216

2wt + 5w’ - 3

41.

45, .
wh + 1w + 24
5y — fx — B

47, S————
X 4+ 1t = Bx
NY = 16

49, —

&N — 16
t+ 4
51. —_—

(2r + 9t + 4

Copyright © 2005 Pearso
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- ¥
°
ar* — &t

” 4a* + 12ab + 90"
da* + Gab
3}’3 -+ ?}J + 4y
* J,E + 5+ 4
55 + 8rs — 451_
6r° = L7rs + 5s°
I+ x(4 + x)
I+ x _
243 + 8A* + 84°
44 + 2

48.

S0.

51,

n Education Canada Inc. 6-48



3+2y  (2v43) )

41. - =
4y’ +6y"  2y7(2p+3)  2)°
4, 03 -3(t-2)+(r-2) -3
L4 g *41.‘3{;-2}‘:*(;—5}'_?;?
43 quEx—]ﬁ={x—4]{x—d)+(x—4jzx_4
=16 (x+4)(x-4)+(x-4) x+4
44 4a’ +12ab+ 96"  (2a+3b)(2a+3b)+(2a+3h)
C o 4d’+6ab 2a(2a+3b)+(2a+3b)
:2a+3b
2a
45 2w Swh -3 (2“’2 - |)(“’1 +3] 2w -]

w4+]]'ﬂ-’3+24= (w2+3)(w:+3] - w +8

Uy gt LT+ o LI e s i 6-49



Ch 6.6 Multiplication and Division of
Fractions

ac

- Multiplying fractions...
bd

axc_
b d

Dividing fractions...
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Examples... Multiplying fractions

3 2 {3}{2} 6 4 multiply numerators

(a) E % 7 - {5}{?) - E +— multiply denominators
32 1567 (3a)(15b%) (E}r 6x\/ 2y
b = e —— == -
Y% T T () € (6x) 3.#) (%))
_ 45ab’ 9% _ 2xy 4y
Sab 1 o3 x

= 0b
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Examples... Dividing fractions

multiphy i mulii ply

L Ja© .

—_— -
6x 5 6x_ 3 18x 5S¢ 3a°  a 3q*
: = T = (b) — = X == -
' 5¢c 2c* 10e

T

inwvark

(x +y) + 2x + 2y _xty « 6x + 15y _ e—=+T13(3)(2x + 5v)
6x Jlr 15y ] 2% .l. 2y 2{x—+7v]
|
invert
3(2x + 5y
= 1' 5|.irn|:||iF\|.-r

Copyright © 2005 Pearson Education Canada Inc.
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x—y) (=) 3x—y("=))
W =

(x = ¥)?  6x+ 9  (x=y)*(6x + )
3x = y)(x + y)(x —v)
(x = ¥)*(3)(2x + 3y)
Be—)"(x + )
3e—7)(2x + 3y)
X +y

N 2x + 3v

The common factor 3(x — _1‘}3 15 readily recognized using this procedure.
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“L'l.

Examples
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Ch 6.7 Addition and Subtraction of
Fractions

5+ 2 — 4 4 sum of numerators

5 2 4
—-_ " = - = =
@ 37979

9 4— some denominators
3 . .
= — = — +— Hinal result in lowest terms
0 3
use parentheses o show
CAUTION & [ subtraction of both terms
b 1 2b — 1 b+1—(2b—1 + ] = L
X X ax ax tix
2-b
ax
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Lowest Common Denominator (LCD)

https://www.khanacademy.org/math/cc-fourth-grade-math/comparing-fractions-
and-equivalent-fractions/imp-common-denominators/v/finding-common-
denominators

@9

Highest of each factor — eg 3, r?, s

Copyright © 2005 Pearson Education Canada Inc. 6-56
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Lowest Common Denominator (LCD)

5 2(s%) 4(3r) 5(r2s)

W,
&1

+ = -
35 (39 (rS)(3r)  (3s)(rEH)
£ e

T

Factors needed in each

Esj 12 5r%s5*
BN - :

3?.253 %y E.‘!‘."I' 3}_153

257 + 12r — 5p%52

3
3rs

Copyright © 2005 Pearson Education Canada Inc.

change to equivalent
fractions with LCD

combing numeratars over LCD
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LCD... adding fractions

a alx + 1) alx — 1)

X

1

i+l (x-Dx+1) " (x+Dx-1)
T Y

ax +a + ax — da

T (a1 (x—1)
2ax

T (x+ D(x - 1)

Copyright © 2005 Pearson Education Canada Inc.

change to equivalent
fractions with LCD

foctors neaded

Cﬂmh‘iﬂE numerafors
over LCD

simplify
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examples

In Exercises J—44, perform the indicated operarions and simplify
For Exercises 33, 34, 39, and 40, check the solution with a graphing
calculator,

3 6 2 f 1 7
5 = +- e R
5 5 513 13 T,r X
2 ) | 3 5 1
8. —+ — e s , T -
. a 92 4 1“9 3
3 Ta r—3 r i b
11, — + —+ 2 . - | ———
4x 4 12 a 2a 131 e
3 5 6 & a 2b
14, — + — + i
gl As 15 £ 25x 16. by 3!
2 1 a 1 6 9
17, — + — — — . - = — —
S5 a 10 18 2A B 4C
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EXAMPLE 8 Complex fraction

2 2
X X
= first, perform subtraction in denominator
x=—4
| — —
X
X 2x
=—x invert divisor and multiply

,1:—42.{(:—4]

= simplify |

B The onginal complex fraction can be written
as a division as follows:
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Ch 6.8 Equations involving Fractions

To give a whole number

r 1 x+2 /
Solve f . - = .
olve Tor x ]_.'}_. E f_‘l

First, note that the LCD of the terms of the equation is 24, Therefore, multiply each
term by 24, This gives
24(x) 24(1) 24(x + 2)

= 2 6 each term multiplied by LCD

Reduce each term to its lowest terms and solve the resulting equation:

2x =3 =4x+ 2) each term reduced
2y —3=4x + &

—2x = 11
_1i

X = 5
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Continued...

X 1 X
Solve forx: = — — = —

2 v 2
First, determine that the LCD of the terms of the equation is 2b*. Then multiply each
term by 2b* and continue with the solution:

2b%(x)  2b%(1)  2b%(x
{ } — { ) = Ii ] woch term muliplied by LCD

2 B 2
bx — 2 = bx each ferm reduced
b*x — bx =2
x(b* — b) =2 factor
2
TR b
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EQUATIONS

a(x + y) = ax + ay

(x +)(x—y) = =y
(x + )7 =27 + 2xy + 7
(x —y)? = x% — 2xy + ?
(

x+a)(x+b)=x>+ (a+ b)x + ab
(ax + b)(cx + d) = acx® + (ad + be)x + bd
(x +v)’ =2 + 3%y + 307 + ¥

-

b-:

( Y= =3ty + 307 —

(

-
s

—y)
V)(x* —xy +y) =x + )y
x—y(xF+xy+y)=x -y

x—y=-—(y—x)
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6.1 1,2,3,5,8

alx + y) = ax + ay (1)
(x + ¥)lx —¥y) = Xt -y (2)
(x + v)" = x 2xy - (3)
(x —v)" = x — 2xy \ (4)
(x +allx + b) = x* 4 la + b)x + ab (3)
(ax + b)(ex + d) = acx” + (ad + be)x + bd (6)
EXAMPLE 1 Using special products 1 and 2
- (a) Using Eq. (1) in the following product, we have
Some |
W@Fk@d 6(3r + 25) = E{Er]

examples to
help you

(b) Using Eq. (2), we have

(3r + 25)(3r = 25) = (3r)" = (25)°

sum of  difference difference

3r and 25 al 3 ol SCjUares

and 2x

Using Eq. (1) in (a), we have a = 6. In (a) and (b), 3r = x and 25 = y.

+ 6(25) = 18 + 125

Ot — 457

5



¥ ¥
x4+ 2xy + v (3)

¥

(x =y =2 = 2xy + (4)

EXAMPLE 2 Using special products 3 and 4
Using Egs. (3) and (4) mn the following products, we have

| +
(a) (5a + 2)* = (5a)* + 2(5a)(2) + 2> =252 + 20a + 4  Eq (3)
SOuans hwice square

product

(b) (5a T 2)* = (5a)* = 2(5a)(2) + 22 = 25> — 20a + 4  Eq (4)

In these illustrations, we let x = 5a and v = 2. It should be emphasized thar
(5a + 2)* ismot (5a)* + 2% or 254° + 4

We must very carefully follow the forms of Egs. (3) and (4) and be certain to
include the middle term, 20a. (See Example 5) |
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(x +a)(x+b)=x"+ (a+ b)x + ab (5)
(ax + b)(cx + d) = acx® + (ad + be)x + bd (6)

EXAMPLE 3 Using special products 5 and 6
Using Egs. (5) and (6) mn the following products, we have

| s N Nl o

@ (x+5)(x=3)=22+[5+ (=3)]x + (5)(=3) = 22 + 2x — 15 Eq. [5)
| ) T~ T

(b) (4x + 5)(2x = 3) = (4x)(2x) + [(4)(=3) + (5)(2)]x + (5)(=3)  Eq. (4]
=8x> = 2x — 15 ]

Generally, when we use these special products, we find the middle term mentally
and write down the result directly, as shown in the next example.
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EXAMPLE 5 Applications of special products

(a) When analyzing the forces on a certain type of beam, the expression

Fa(L — a)(L + a) occurs. In expanding this expression, we first multiply

L — aby L 4+ aby use of Eq. (2). The expansion 1s completed by using
Eq. (1), the distributive law.

I +
| | —— W
Fa(L — a)(L + a) = Fa(L* — &%)

= Fal’> - F&& Eq. (1
(b) The electrical power delivered to the resistor R in Fig. (1) is R(i; + i;}l. Here, i;

and i, are electric currents. To expand this expression, we first perform the square
by use of Eq. (3) and then complete the expansion by use of Eq. (1).

’_l_‘ | = | Fq. (3)

R(i; + iy)* = R(if + 2iyi» + i3)

= RiT + 2Riyi; + Riz  Eq. (1)
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s _1'.}.’- = ¥ + 3.!.‘2_1' + 3_1.}.1 e }__'-: -
=P = — 3R A — .
+Y)(F —xy+ )=+ (9)
—(E )=y (10)

EXAMPLE & Using special products 8, 9, and 10

| - -

(a) (2x — 5)° = (2x)* = 3(2x)*(5) + 3(2x)(5%) - 5°
= 8x — 60x* + 150x — 125

| w w

b) (x +3)(x*=3x+9)=x"+3  Eq 9
=x’ + 27
| : l

© (x=2)(x"+2x+4)=x" =2 Eq (10
-8

Eq. (8)



6.2 2,3,4,6,8,9

EXAMPLE 2 Common monomial factor

In factoring 6x — 2y, we note each term contains a factor of 2:

bx — 2y = 2(3x) — 2y = 2(3x — v)

Here, 2 is the common monomial factor, and 2(3x — v) is the required factored
form of 6x — 2y. Once the common factor has been identified, it 1s not actually nec-
essary to write a term like 6x as 2(3x). The result can be written directly.

We check the result by multiplication. In this case,

2(3x — y) = 6x — 2v¥

Since the result of the multiplication gives the original expression, the factored form is
correct. L

Some worked examples to help you
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EXAMPLE 3 Common factor same as term

Factor: 4:7.1'1 + 2ax.
The numerical factor 2 and the literal factors ¢ and x are common to each term.
" . . . “ . .
Theretore, the common monomial factor of 4ax™ + 2ax 15 2ax. This means that

4ax? + 2ax = 2ax(2x) + 2ax(1) = 2ax(2x + 1)

Note the presence of the | 1n the factored form. When we divide dax® + 2ax by
2ax, we get

dax® + Zax dax? + 2ax
2ax 2ax 2ax

=Ex+]*|
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EXAMPLE 4 Common factor by inspection

Factor: 6a x> — 9a°x° + 3a x>
After mmspecting each term, we determine that each contains a factor of 3, .:13, and x°.

Thus. the common monomial factor 1s 3a°x". This means that

6a°x’ — 9a’x® + 3a’x” = 3a'x7(2a° — 3x + 1) n

EXAMPLE & Factoring difference of two squares
In factoring x> = 16, note that x” is the square of x and 16 1s the square of 4. Therefore,

squares
k. e o
3 5 5
C=16=x" =4 =(x+ 4)(x — 4)
F F il
difference sum  difference
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EXAMPLE &8 Complete factoring—application

(a) In factoring 20x° — 45, note a common factor of 5 1n each term. Therefore,
20x* — 45 = 5(4x* — 9). However, the factor 4x> — 9 itself is the difference of

squares. Therefore, 20x7 — 45is completely factored as

common factor

20x — 45 = E{qxl — 9) = 5(2x + 3)(2x — 3)
L | I |

i

difference of squares

EXAMPLE 9 Factoring by grouping

Factor: 2x — 2y + ax — ay.

We see that there 15 no common factor to all four terms, but that each of the first
two terms contains a factor of 2, and each of the third and fourth terms contains a
factor of a. Grouping terms this way and then factoring each group, we have
2x — 2y + ax — ay = (2x — 2y) + (ax — ay)

=2(x=y) +alx —y) now note the common factor of (x = ¥)

=(x —¥)(2 + a) |
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6.5 3,4,6,7,10

EXAMPLE 2 Reducing fraction to lowest terms
In order to reduce the fraction

} b |
lGab'c

2 £
24ab ¢

to 1ts lowest terms. note that both the numerator and the denominator contain the
- T %
tactor Bab-c¢~. Theretore,

16abic:  2b(8ab’c?) 2

2Uab S 3A(8ab ) 3

— common factor
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Notice: difference of squares

EXAMPLE 4 Cancel factors only

When simplifying the expression

-j
x(x = 2)
5 a term, but not a factor, of the denominator
i = 4 rd
F Y e
#

many students would “cancel” the +* from the numerator and the denominator. This
is incorrect, because x* is a term only of the denominator.
In order to simplify the above fraction properly, we should factor the denominator.
We get
2 : 2
x~(—2) X"

(r=2)(x +2) x4 2

Here, the common factor x — 2 has been divided out. u
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EXAMPLE 6 Remaining factor of 1 in denominator

|
2x? 4 8x  2xfet+d) 2y

x+4 {4‘—4'-- 1

= 2x

The numerator and the denominator were each divided by x + 4 after factoring the
numerator. The only remaining factor in the denominator 1s 1, and 1t 1s generally not
written in the final result. Another way of writing the denominator is 1{x + 4), which
shows the factfor of 1 more clearly. |

EXAMPLE 7 Cancel factors only

1
I;II —4x+4  (x—=2)—2) (x — }')2 = x’ - 2xy + J"2
2 — 4 (x + EHI‘T_ZT > >
(x + M)(x = y) = 22 — 2
x =2
= — ¥ I5 a ferm but mot o I:ler{:l"
x+ 2

Here, the numerator and the denominator have each been factored first and then the
common factor x — 2 has been divided our. In the final form, neither the x’s nor the

2’s may be canceled, because they are not common facrors. o



(x =¥ +xy+)y) =2 =y

EXAMPLE 10 Factors differ only in sign

2% — 128 2x(x —64)  x{x—4)(x" + 4x + 16)
204 Tx =32 (4—=x)(5+3%)  —(x=—4J(3x +5)

L | I

r

2x(x? + 4x + 16)
- 3x + 5

Again, the factor 4 — x has been replaced by the equal expression —(x — 4). This
allows us to recognize the common factor of x — 4.

Also, note that the order of the terms of the factor 5 4+ 3x was changed 1in writing
the third fraction. This was done only to write the terms in the more standard form
with the x-term first. However, because both terms are posirive, 1t 1s simply an applica-
tion of the commutative law of addition, and the factor itself 1s not actually changed. I

(ax + b)(cx + d) = acx* + (ad + bc)x + bd
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EXAMPLE 3 Multiplying algebraic fractions

| *
(zx -4 )(le +x - 15) _ 2x = 2)(2x = 5)(x+3] ] multiplications
dx + 12 3x — 1 g{#-l"ffﬂ}x = 1) +— indicated
(x = 2)(2x — 5)
2(3x = 1)

Here, the common factor is 2(x + 3). It is permissible to multiply out the final form
of the numerator and the denominator, but 1t 1s often preferable to leave the numerator
and the denominator in factored form, as indicated. |
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EXAMPLE 5 Division by a fraction—application

When finding the center of gravity (c.g.) of a uniform flat semicircular metal plate, the
dmr mr’ ) . . . . ) X

3 = EN * 2 | 1s denved. Simplify the right side of this equa-
tion to find X as a function of r in simplest form. See Fig. 6.

The parentheses indicate that we should perform the multiplication first:

¥ = ﬁ - (11'_1"1 5 Eﬂ) _ 41;3-'3 . (?_.11'11-1) . =:._,—,

equation X =

3 2 3
darr’ Ly ,
=T s () = T x
3 3 iyl
4 4r ‘
— L. 22 divide out the common factor of =~
3mr 3
This 1s the exact solution. Approximately, X = 0.424r. -
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EXAMPLE 6 Dividing algebraic fractions

2x+2y _x+y bx+15y  GHFIB)EX+ ) ndicate

x+y)+ = .
(+3) = s 15y | 2x + 2y 2(—+¥) multiplication
| S
invert
Practice Exercise | 3{21 " 5}'}
2. Divide: —2— + X T 2 =———5 simplify n
a+ 1 a- + a
EXAMPFLE 7 Dividing algebraic fractions
5 invert
4 — x°
P =3x+2 4= =9 (2-x)2+ x)(x=3)(x+3) L o
= — x = factor and indicate multiplications
x+2 x*=3x+2 x+2 (x = 2)(x = 1)(x + 2)
2
=9

-

replace (2 = 1) with =(x = 2)

~(e—2)(x+2)(x = 3)(x + 3)

_ and (2 + x) with (x + 2)
=2 - )+2)

(x = 3)(x + 3) (x = 3)(x + 3)
= — - or — simplify

| | T

Note the use of Eq. (11) when the factor (2 — x) was replaced by —(x — 2) to
get the first form of the answer. As shown, it can also be used to get the alternate
form of the answer, although it 1s not necessary to give this form. |
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6.7 3,4,6,8

EXAMPLE 3 Lowest common denominator
Find the LCD of the following fractions:

x— 4 1 x+ 3

¥ =2y +1 ¥ =1 = x

Factoring each of the denominators, we find that the fractions are

x—4 | x +3
(x = 1)? (x =1)(x + 1) x(x —=1)

The factor (x — 1) appears in all the denominators. It is squared in the first fraction
and appears only to the first power in the other two fractions. Thus, we must have
(x — 1)? as a factor in the LCD. We do not need a higher power of (x — 1) because,
as far as this factor 1s concerned, each denominator will divide into 1t evenly. Next, the
second denominator has a factor of (x + 1). Therefore, the LCD must also have a
factor of (x + 1); otherwise, the second denominator would not divide into it exactly.
Finally, the third denominator shows that a factor of x is also needed. The LCD
is therefore x(x + 1)(x — I}E. All three denominators will divide exactly into this
expression, and there 15 no simpler expression for which this is true. H

R o s L L - -




EXAMPLE 4 Finding LCD—combining fractions

Combine: i ¥ % - = .~ Highest of each factor
By looking at the denominators, notice that the factors necessary in the LCD are 3, r,
and s. The 3 appears only to the first power, the largest exponent of r 1s 2, and the largest
exponent of 5 1s 3. Therefore, the LCD 1is i, MNow, write each fraction with this
quantity as the denominator. Since the denominator of the first fraction already contains
factors of 3 and r7, it is necessary to introduce the factor of s°. In other words, we must
multiply the numerator and the denominator of this fraction by 5. For similar reasons,
we must multiply the numerators and the denominators of the second and third fractions

by 3r and r’s?, respectively. This leads to

32
2 + i - i 2{53} 4[3,.} 5{!“_1.“] change to equivalent

R = + -
3 e 3 (3)(F) (ri5)(3r)  (35)(rs7)  fractions with LCD

factors needed in each

153 12r 51"1:.'1

+
s 3ris 3t

5 5
25 4+ 12r — 5r%%2
= combine numerators over LCD

3rls
51252 —5r25t ) )
Note that the term ———— was treated as +————, therefore leading to the last term
3r's 3r7s
—5r%5” in the resulting numerator. H
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Do this example

L

Then try exercise

EXAMPLE & Combining fractions
3 x=1 3x x =1
22 —2xr—24 2 —-8c+16 2x—4)(x+3) (x—4)
3x(x —4) = (x = 1)(2)(x + 3)
2(x — 4)(x + 3)

Practice Exercise B {3.1.‘2 — 12x) = {2.1‘2 + 4x — 6)
4. Combine: 2(x — 4)(x + 3)
SR - 12x—22 -4x+6 X2 —16x+6
2x+2 xyr+2x+1 = =

2(x — 4)*(x + 3) 2(x — 4)}(x + 3)

rachor denominators

change to equivalent

fraction with LCD

expand In numerator

In doing this kind of problem, many errors may arise in the use of the minus sign.
cauTion 8 Remember, if a minus sign precedes an expression, the signs of all terms must be

changed before they can be combined with other terms.
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