Chapter 7

Quadratic Equations
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Solving
Quadratic
equations

Solving quadratic
equations by: factoring,
and quadratic formula

7.1 Quadratic Equations:
Solution by factoring.

7.3 The quadratic formula

7.4 The graph of the quadratic
function
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Ch. 7.1: Quadratic Equations; N
Solution by Factoring

The general form of the quadratic

eqguation in x IS:

o Given that a, b and ¢ are constants (a = 0), the
equation:

@

©

ax’ +hx+¢=0

Copyright © 2005 Pearson Education Canada Inc. 7-3



Example 1

= ldentify a, b and c in the quadratic
equation:
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ldentifying Quadratic
Equations

Examples of equations which are not
guadratic:

7y =0 = No x? terms.

No power of x should
4 3 2 _
C-AxT-xT 13 =0 be higher than 2.
Simplifying produces
) .
X“+ 71X =X a linear equation.
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Solutions of a Quadratic
Equation

The solution of an equation consists
of all numbers (roots) which, when
substituted in the equation, give
equality.

There are 2 roots in a solution of a
guadratic equation.
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Examples of Solutions of a
Quadratic Equation

O x2-5x+6=0
| 7> x=2,x=3
>
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Examples of Solutions of a
Quadratic Equation (continued)

X~ 4y +4=0
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Examples of Solutions of a
Quadratic Equation (continued)

® x’+1=0

D x=A-1x=-4-1
>
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Procedure for Solving a Quadratic
Equation by Factoring

Collect all terms on the left & simplify into the
general guadratic equation form.

Factor the quadratic expression.
Set each factor equal to zero.

Solve the resulting linear equations. These
numbers are the roots of the quadratic
equation.

Check the solutions in the original equations.
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Can use
special

Example 2 products

= Solve the quadratic equation by
factoring.

+2x-15=0 factor
(r+5)(x-3)=0 gt each factorto

x+5=0 x-3=0 golve
X =-3 X =3
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Solving a Quadratic Equation
by Factoring

Remember to check the solutions by
substituting into the original equation.

The answer should be ‘0’.

It Is essential for the quadratic
expression on the left to be equal to
zero on the right.

If a product equals a nonzero
number, it Is probable that neither
factor will give a correct root. 3
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?7EXxX7.1

In Exercises 3-8, determine whether or not the given equations are

quadratic. If the resulting form is quadratic, identify a, b, and ¢, with
a > 0. Otherwise, explain why the resulting form is not quadratic.

3 x(x -2)=4 4 (3x —-2)2=2
5. xt = (x +2)* 6. x(2x* +5) = 7 + 2x?
7.n(n* +n —=1) = 8. (T —7)% = (2T + 3)?
In Exercises 944, solve the given quadratic equations by factoring.
9. x2 -4=0 10. B> - 400 = 0
11. 4x* =9 12. x* = 0.16
13.  —8x -9 =10 4. 2 +x-6=0
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9, x'=-4=0
{x+2]{x—2}=ﬂ'

3 x(x-2)=4x"-2x-4=0;a=1,b=-2,
- x+2=0 or x-2=0
€= /A XxX=2

x=-2
I A gyt — M ol _
4 (3x=2) =2;9x" =12x+4 =2, 9x" =12x+2 =0 10, B —400=0; (B20)(B+20)=0
a=9b=-12,c=12 B-20=0, B=200r B+20=0, B=-20
i . 1. 4x' =9
5. ¥ =(x+2) ax* —9=0; (2x+3)(2x-3) =0

Xaxvdx+4 P
P ; 2x+3=0;2x=-3, x=-—or

dx+4 =10, nox" term, not quadratic 2

2x—3=ﬂ;2x#3.:=§

6. x(2x* +5)=7+2x"; 2" +5x =T+ 2¢’ :

Mot quadratic; there is an x’ term. 12, 2 =016
¥ -0.16=0
Ton(n n-1)=n'in' 40" —n=n';n" —n=0 (x=04)(x+04)=0
a=Lb==Lec=0 x-04=0,x=04
T =k x=-04

13, x-8x-9=0
8. (T-7) =(21+3)’

(x=9)(x+1)=0
TP~ 140 +49 =47 +12T +9
x=9=0 or x+1=0
=37 =267 +40=0; 37 + 26T -40 =0 —g .
=3 b=26, c=-40 ' e
.rjrr " [ L ; =
C 14. Izd-x--ﬁ:ﬂL{x+3}{x—1}=ﬂ 7-14

X+3=0, x=-3orx-2=0,x=2



https://www.khanacademy.org/math/algebr
a/guadratics/factoring quadratics/v/iExampl

€%201:9%20So0lving%20a%20quadratic%?
Oequation%20by%20factoring

https://www.khanacademy.org/math/algebr
a/quadratics/quadratics-square-
root/v/solving-quadratic-equations-by-
square-roots
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https://www.khanacademy.org/math/algebra/quadratics/quadratics-square-root/v/solving-quadratic-equations-by-square-roots
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Ch. 7.3: The Quadratic
Formula

The gquadratic formula can be used to
find solutions (roots) to a quadratic
equation.

—b++b?-4ac
2a

X

Info only > Following completing the square derives this (p220)
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Show

https://www.khanacademy.org/math/algebr
a/quadratics/quadratic-formula/v/quadratic-

formula-1

—b++b?-4ac
2a

X
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Example

Solve the quadratic equation by the
guadratic formula.

2x2+5x-3 =0
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Solution

= ldentify a, b and c in the quadratic
equation:

VS
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e=2  b=5 €=  —bt+/b%-4ac

X
Solution (continued) 28

Using the quadratic formula:

555 4()3)

. 22)

Answer: X = -3, x=0.5
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Characteristics of the Roots of
a Quadratic Equation

If b2 — 4ac is positive & a perfect square,
the roots are real, rational, & unequal.

If b2 — 4ac is positive but not a perfect
sguare, the roots are real, irrational, &
unequal.

If b2 — 4ac = 0, the roots are real, rational
& equal.

If b — 4ac < 0, the roots contain
Imaginary numbers & are unequal. 3
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_b+ b2 - 4ac

?EX 7.3. 5'9 X= 24

EXERCISES 7.3

In Exercises |- 4, make the given changes in the indicared examples 9. P -4x+2=0
of this section and then solve the resulting equations by the quadratic A

1L ¥ = 15— 29
Jormula,

13. 26 + 5¢ =3

1. In Example 1, change the — sign before S5x 1o +.

2. In Example 2, change the coefficient of x2 from 2 to 3.
3. In Example 3, change the + sign before 24x 10 —,

4. In Example 4, change 4 10 3

15. 3% = 3y + 2

17. y + 2 = 22

19. 30y° + 23y — 40 = 0
21, 82 + 61t = —120

In Exercises 5-36, solve the given quadratic equations, using the &3 £ =9+5(1 -2 )
quadratic formula. Exercises 5~ 8 are the same as Exercises 11- 14 of 25, 25y* = 121

Section 7.2. 27. 15+ 4z= 327
5. P+ 2x~-8=0 6. x2—8x-20=0 29. ¥ — 0.20x - 040 = 0
.0 +3D+2=0 B.24+5%-6=0 31. 0.29Z° - 0.18 = 0.63Z

ax?+bx+c=0 22



7. D*+3D+2=0;a=1 b=3,c=2

A ;;.:'Jiw:—}iﬂ

I[I] 2
=3xl
= =2 ]
s
5 ¥ +2x-8=0a=1b=2¢c=-8
21 T 228 8 F4S(-6=00-1,b=5 06
X= — .
2(1) 2 - -5+,25-4(1)(—4) -5+ 40
_ 26 2(1) 2
2 -5+
x=2 or x=-4 = 52_?=-|5,I

6. x' ~8x-20=0; a=1,b=-8 c=-20

9, ¥’ —dx+2=0a=1,b=-4,¢c=2
Fﬂiﬁ““‘{']{—m] _ 844144

(1) z L) -4 ))
_84144 (2)
2 4148
=E=—E.Iﬂ -2
2 =41EJE
2
=212
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Ch. 7.4: The Graph of the
Quadratic Equation

By graphing the function ax? + bx + ¢, we
can find its solution.

Firstwe let: y=ax?+ bx + ¢
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The Graph of the Quadratic
Equation

Using a graphing utility, graph:
2x" +5x-3=0 |

4]
4
2
0

3 —4 -2 i}
-2
-a
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https://www.khanacademy.org/math/algebr
a/quadratics/solving graphing quadratics/
v/graphing-a-quadratic-function
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The Graph of the Quadratic
Equation

guadratic function

y = ax? + bx + ¢ will have |
the same basic shape, | b 00000
the shape of a parabola. ﬁ

The graph of any \ /
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The Graph of the Quadratic
Equation

= All parabolas have an | \ SrRiERENn.

extreme point S

-----

= This pointis knownasa|

veren ERER i RS

«ffa>0—minimum. |

------------

* The graph opens o\ i
upward.

Copyright © 2005 Pearson Education Canada Inc. 7-28



The Graph of the Quadratic
Equation

All parabolas have an |
extreme p()int_ Amaxmum

This pointis knownasar————++——— 1
Vertex. i

If a <0 — maximum.

The graph opens
downward.
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Finding the Vertex

We can find the x-coordinate of the
vertex with:

_-b
2a
Substituting this value into the given

equation, we can find the y-coordinate of
the vertex.

X
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Solving Quadratic Equations
Graphically

When a quadratic equation is graphed,
the roots of the equation are the x-
coordinates of the points for whichy =0
(the x-Intercepts).

Knowing when a quadratic curve Is at a
maximum or a minimum is a useful
concept in maximization problems.
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https://www.khanacademy.org/math/algebr Explanation of
a/quadratics/solving_graphing_quadratics/ vertex etc > for
v/quadratic-functions-2 information only
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Example

= From the graph of y = -x? + X + 6, identify

the roots of the equation.

mX=-2
mX=3
= Vertex: (0.5, 6.25)

» Since a<0, the
vertex Is at a
maximum.

Copyright © 2005 Pearson Education Canada Inc.
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Summary

We can sketch a quadratic equation
when we know the vertex, the x-
Intercepts and the y-intercepts.

We also note, the curve is symmetric to
a vertical line through the vertex.

Knowing when the vertex of the curve is
a maximum or a minimum point is a
useful concept in maximization
problems.
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https://www.desmos.com/calculator
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?Ex7.4q3&4

Ig Exercises 3-8, sketch the graph of each parabola by using only the
vertex and the y-intercept. Check the graph using a graphing calculator.
'-3.y 2 ~6x+5 4 y=~x* ~4x -3

&y = 327 + 105 - 4 6. s =2 +8 —5

7. R = ~ 4y 8. y = —2x* - 5x
'.:,'Exerci:es 9-12, sketch the graph of each parabola by using the
the y-intercept, and the x-intercepts. Check the graph using a
lmphmg calculator.

= x' — 4 10. y = x* + 3x
Ly=-22—6x +8 12 u=-3° + 120 - §

Copyright © 2005 Pearson Education Canada Inc.
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3 y=x-6x+5a=1,b=-6,c=5 4. y=-x*-4x-% a=-1 b=-4.

The x-coordinate of the extreme point is This means that the x-coordinate of the extreme is
b _~(-6) — b _—(-4)

— = =13, and the y-coordinate is = =4

2 2(1) g 2a 2(-1)

y=13 ~6(3)+5=—4 and the y-coordinate is

y=-(-2)" -4(-2)-3=1.

The extreme point is (3, -4). Sincea>0itisa
Thus the extreme point is (-2, 1). Since a <0, it

minimum point.
I$ 4 maximum point.

¥

-1? A {=2,1) 1
(0,5) LN -

(3,41)
Since ¢ = =3, the y-intercept is (0, —3). Use the

Since ¢ = 5, the y-intercept is (0, 5). Use the min- maximum point {_2 I} and the y-intercept
imum point (3, - 4) and the y-intercept (0, 5), and
the fact that the graph is a parabola, to sketch the

graph.

(0, —=3), and the fact that the graph is a parabola,
to sketch the graph.
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Ch 7 Quadratic Summary . ractor

« Completing the squares

aXZ + bX + C = 0 « Quadratic Equation

Graph

¥ +2x-15=0 factor
(x+s)x-3)=0  geteach factorto

x+5=0 x-3=0 solve

X=-5 x=3

Divide each side by a (coefficient of x2).

Rewrite the equation with the constant on the
right side.

Complete the square: add the square of % of

~ the coefficient of x to both sides. The gra p'h of any
1. Write the left side as a square & simplify the quadratic function

right side. _ .3 : ;
Equate the square root of the left side to the y=axt+ bx + ¢ will have :

principal square root of the right side & to its i
negative. the same basic shape,

5. Solve the 2 resulting linear equations. the shape of a parabnla.




Worked e)



EXAMPLE 1 Examples of quadratic equations

The following are quadratic equations.

=0

xl — 4x — 5
F T il
a=1 bh=—-4 £ =

3l — 6
il F

a=3 g=
2" + Tx

F alle.

]
=

]
I

To show this equation in the form of Eq. (1), 1t
can be written as 1x* + (—4)x + (—=5) = 0.

Because there 1s no x-term, b = 0.

Because no constant appears, ¢ = (.

The constants in Eq. (1) may include literal ex-
pressions. In this case, m — 3 takes the place of a,
—m takes the place of b, and ¢ = 7.

After all nonzero terms have been collected on
the left side, the equation becomes
3x° — 2x = 0.

Expanding the left side and collecting all nonzero
terms on the left, we have L+ 2x—3=0. =
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EXAMPLE 2 Examples of equations not quadratic

The following are not quadratic equations.

bx —6=10(0 There is no x>-term.

x*=x*=5=0  There should be no term of degree higher than 2. Thus,

there can be no x*-term in a quadratic equation.
x>+ x—7=2x>  When terms are collected, there will be no x>-term.

Copyright © 2005 Pearson Education Canada Inc.
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EXAMPLE 3 Solutions (roots) of a quadratic equation

(a) The quadratic equation 3x2 — 7x + 2 = 0 has roots x = 1/3 and x = 2. This is
seen by substituting these numbers 1n the equation.

(30 -7(3) +2=3()-1+2=3-3+2=%=0
32 —7(2)+2=3(4) - 14+2=14—-14=0

(b) The quadratic equation 4x* — 4x + 1 = 0 has a double root (both roots are the
same) of x = 1/2. Showing that this number is a solution, we have

a3 -43) +1=4(3)-2+1=1-2+1=0

(c) The quadratic equation x> + 9 = 0 has the imaginary roots x = 3j and
x = —3j, whichmeans x = 3V—-land x = -3V L. ]

Copyright © 2005 Pearson Education Canada Inc. 7-42



EXAMPLE & Quadratic equations withh =0 orec =0

(a) Insolving the equation K —-12= 0, we note that b = 0 (there 1s no x-term). How-
ever, we can solve it by factoring. First we note the common factor of 3. Because it is
a constant, we can first divide all terms by 3, and proceed with the solution.

32 —-12=0
2 —4=0 divide each term by 3
(x =2 +2) =0

x—2=0, x=2
x+2=0, x=—2

The roots 2 and —2 check. We could also have first factored the 3 from each term,
but the results would be the same since 3 is a constant, and the only two factors
that can be set equal to zero are x — 2 and x + 2.

(b) In solving the equation 3x% — 12x = 0, we note that ¢ = 0 (there is no constant
term). However, we can solve it by factoring. We note the factor of 3, and because
3 1s a constant, we can divide each term by 3. We also note the common factor
of x, but because we are solving for x, we cannot divide each term by x. If we
divide by x, we lose one of the two roots. Therefore,

372 — 12x =0
2 —4x=0 divide each term by 3, but not by x
fx—4)=0 factor
x=0,4

These roots check. Again, if we had divided out the x, we would not have found
the root x = 0, and therefore had an incomplete solution. H
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EXAMPLE 7 Quadratic equation—application

For a certain fire hose, the pressure loss P (in ll:-ﬁnl.1 per 100 ft of hose)1s P = E{_f + 0,
where Q is the flow rate (in 100 gal /min). Find Q for P = 15 Ib/in.? per 100 ft.
Substituting, we have the following equation and solution.

20° + Q0 =15
200 +0—-15=0
(20 -5)(@+3)=0
20 -5=0, Q=25 100 gal/min
O+ 5=10, Q= -5 100 gal,"min not realistically possible

These roots check, but the negative root 1s not realistically possible, which means the
only real solution is@ = 2.5 100 gal /min, or 250 gal /min. O
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EXAMPLE 1 Quadratic formula—rational roots

Solve: x» —  5x + 6 = 0.

e e

a= | b= —5 c =6
Here, using the indicated values of a, b, and ¢ 1n the quadratic formula, we have

(=) £ V(=5 —4(1)(6) s+VI5-24 _ 5+1
T 2(1) B 2 T2
5+ 1 5—1

X = =3 or x =

2 2

=2

The roots x = 3 and x = 2 check when substituted in the original equation.

Copyright © 2005 Pearson Education Canada Inc.
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EXAMPLE 3 Quadratic formula—double root

Solve: 912 + 24x + 16 = 0.
In this example, a = 9, b = 24, and ¢ = 16. Thus,
—24 + V242 - 4(9)(16) 24+ V576 — 5716  —24+0 4

x = -

2(9) 18 18 3

Here, both roots are —%* and we write the result as x = —% and x = —%. We will get
3 . .
a double root when b~ = 4ac, as in this case. |
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EXAMPLE 4 Quadratic formula—imaginary roots
Solve: 3x~ — 5x + 4 = 0.

In this example, a = 3, b = —5, and ¢ = 4. Therefore,
—(=5) = V(=5 - 4(3)(4) _ 5+ V2548 _5+ V13
X = = =
2(3) 6 6

These roots contain imaginary numbers. This happens if b* < 4ac.
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EXAMPLE 5 Quadratic formula—literal numbers
The equation s = s + vyt — % gt is used in the analysis of projectile motion (see
Fig. 5). Solve for 1.
gl’j — 2ugt — 2(sg— s5) =0 multiply by —2, put in form of Eq. (1]
In this form, we see thata = g, b = —2vg, and ¢ = —2(sp — 5):
_ —(=2w) £ V(—2wp)” — 4g(—2)(s0 — 5)
2g
2v, £ ‘Hﬁl{-uﬁ + 2gsy — 2gs)
2g
2y Ekftrﬂ + 2gsy — 2gs
28
vy £ ‘vfuﬁ + 2gsy; — 2gs8
g
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EXAMPLE 1 Graphing a quadratic function

Graph the function f(x) = x* + 2x — 3.
First, let y = x* + 2x — 3. Then set up a table of values and graph the function as
shown in Fig. 10. We can also display it on a calculator as shown in Fig. 11.

5
X
-4
-3
- -5 b — —l 3
-1
gl e
i =5
2
Fig. 10 Fig. 11 =
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Tt

1
‘_ a =10
6 | oOpens
up
4

[E]

(2.—-2)
™ Minimum

(a)

Fig. 12

Y

Y Maximum
T 2.2)
T /\
I | |
ol [ 2 |4
-2
—4
6L a<0
opens
down

ib)

EXAMPLE 2 Parabola—extreme points

The graph of v = 2x% — 8x + 6 is shown in Fig. 12(a). For this
parabola, @ = 2 (a = 0) and it opens upward. The vertex (a mini-
mum point) is (2, —2).

The graphs of v = —2x? + 8x — 6 is shown in Fig. 12(b).
For this parabola, a = —2 (a < 0) and it opens downward. The
vertex (a maximum point) is (2, 2). [ |

We can sketch the graphs of parabolas like these by using its
basic shape and knowing two or three points, including the vertex.
Even when using a graphing calculator, we can get a check on the
graph by knowing the vertex and how the parabola opens.
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¥-intercept

B

n_v 4
_2_

(2,-2)

Minimum

Fig. 13

Practice Exercise

EXAMPLE 2 Graphing a parabola—vertex—y-intercept

For the graph of the function y = 2x* — 8x + 6, find the vertex and y-intercept and
sketch the graph. (This function is also used in Example 2.)
First, a« = 2 and b = —8&. This means that the x-coordinate of the vertex is
—b _ —(—8) 3

= = —=7
2a  2(2) 4

and the y-coordinate is
y=2(2") —8(2) + 6 = -2

Thus, the vertex is (2, —2). Because a = 0, it is a minimum point.

Because ¢ = 6, the y-intercept is (0, 6).

We can use the minimum point (2, —2) and the y-intercept (0, 6), along with the
fact that the graph is a parabola, to get an approximate sketch of the graph. Noting
that a parabola increases (or decreases) away from the vertex in the same way on
each side of it (it 18 symmetric to a vertical line through the vertex), we sketch the
graph in Fig. 13. It is the same graph as that shown in Fig. 12(a). |
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veintercept
(0, &)

x-intercepts

Fig. 14

EXAMPLE 4 Graphing a parabola—vertex—y-intercept
Sketch the graph of y = —x + x + 6.

We first note that @ = —1 and b = 1. Therefore, the x-coordinate of the maxi-
mum point (a < 0) is =525 = 3. The y-coordinate is —(5)* + 3 + 6 = 3. This
means that the maximum point is (3, %).

The y-intercept is (0, 6).

Using these points in Fig. 14, because they are close together, they do not give a good

idea of how wide the parabola opens. Therefore, setting v = (), we solve the equation
-+ x+6=0 multiply each term by —1

or

I
=

X—x—6
This equation is factorable. Thus,
(x=3)(x+2)=0
x=3-2

This means that the x-intercepts are (3, 0) and (—2, 0), as shown in Fig. 14.
Also, rather than finding the x-intercepts, we can let x = 2 (or some value to the
right of the vertex) and then use the point(2, 4). u
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