Chapter 3 Motion in a plane

* Summary > Just like up and
down but now also side
motion.

* Vertical and horizontal are
independent of each other.

* Same equations of motion

* Example of monkey and gun
* Relative velocity..
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Velocity in a Plane

* Vectors in terms of Cartesian x- and y- coordinates may now also be

expressed in terms of magnitude and angle.

¥

“‘
.

AN Path of ball in x-y plane

Position of ball
at a given time

Position vector of point P

x and y coordinates of P

(x and y components of 7)

(a)

> X
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distance of point P
from the origin 1s the
magnitude of vector r

r:|}7’|:\/xz+y2



Example VTS Ex 3.1

You are operating a radio-controlled model car on a vacant tennis court. The surface of the
court represents the x-y plane, and you place the origin at your own location. At time t, =
2.00 s the car has x and y coordinate. (4.0 m, 2.0 m), and at time t, = 2.50. s it has
coordinates (7.0 m, 6.0 m). For the time interval from t, to t,, find (a) the components of
the average velocity of the car and (b) the magnitude and direction of the average velocity.



The Motion of a Model Car

L

U, points from P, toward P,. It doesn’t matter

how long you mgke it; its magnitude will be \é = dx _ E = 6 s
found mathematically. Ak 05
y (m)

(—&O

Ay =40m

[




| n Sta nta n eo u S The instantaneous velocity vecton i
. ' 5 always tangent to the x-y path.
Velocity A -

v, and v, are the x
and v components
of v
* [nstantaneous

velocity is always

tangent to the path

of the particle 0

A FIGURE 3.2 The two velocity components
for motion in the x-v plane.

Definition of instantaneous velocity v in a plane

The instantaneous velocity is the limit of the average velocity as the time
interval Ar approaches zero:

v = li a7 3.3
H_:.ru—ta-lnﬂ;' (3.3)



. » A meteor streaking through the might sky 1s located with
radar. At point A its coordinates are ( 5.00 km, 1.20 km ), and
|.14 s later it has moved to point B with coordinates ( 6.24 km,
0,925 km ). Find (a) the x and v components of its average

velocity between A and B and (b) the magnitude and direction
of 1ts average velocity between these two points.

b) Magnitude v=1.12 km/s



Solutions to Problems

3.1. Set Up: Since distances are given in km, use km/s as units for velocity,
Ay 624 km — 500 km Ay 0925 km — 120 km

Ar 1.14 5 1.14 5
(b) v, and its components are shown in the figure below.

== 0.24 km/'s

Solve:s (a) (), = = 1.09 km/s; (1), =

ol AN
C - — —I"1 - T
I o
II |III'| :
[ ................ "

(2, by

[ L P

w, = ,J'I{t.rx]u,_.: + (b, }“3 =1.12 km/'s; tang= and ¢ =12.4%, below the +x axis.



3.2 Average Acceleration in a Plane

/ As this car slows while
rounding a curve, its
instantaneous velocity changes
in both magnitude and direction.
Thus, 1t accelerates.

To find the car’s average acceleration between
/ P and P,, we first find the change in velocity
AU by subtracting ¥ from T,. (Notice that

> — -

v, + Av = v,.)



Definition of average acceleration a,,
As an object undergoes a displacement during a time interval Ay, 1ts average
acceleration is its change in velocity, Av, divided by Ar;

Ez _ H| ﬂﬁ

Average acceleration = a., = = : (3.4)
: A S At




Accelerations in a Plane

* Acceleration must now be considered during change in
magnitude AND/OR change in direction.

-
2
”—"—>
P,
e To find the instantaneous

acceleration @ at P, we take the
limit of @, as P, approaches P,
meaning that AU and At approach 0.

/
7/

a must always point toward the

concave side of the curved path.
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Average acceleration of a
particle over displacement Ar
. Av
aav =

At

Instantaneous acceleration
of particle at point r

Ltd.



Definition of average acceleration a,,
As an object undergoes a displacement during a time interval Az, its average
acceleration is its change in velocity, Av, divided by Ar:

Example 2 on = @, = 20 _ 4
Average acceleration = a,, = = . (3.4)
: fh— h At

Let's look again at the radio-controlled model car in the previous example.
Suppose that at time t, = 2.00 s the car has components of velocity v, = 1.0
m/s and v, =3.0 m/s and that at time t, = 2.50 s the components are v, =
4.0 m/s and v, =3.0 m/s.

Find (a) the components and (b) the magnitude and direction of the
average acceleration during this interval.

Find acceleration in the x direction

Find acceleration the y direction l/7~

Use Pythagoras to find the magnitude of the average acceleration Sé:\,

Use tan to find the angle. 32
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Let's look again at the radio-controlled model car in the previous example.
Suppose that at time t; = 2.00 s the car has components of velocity v, = 1.0
m/s and v, =3.0 m/s and that at time t, = 2.50 s the components are v, =

4.0 m/s and v, = 3.0 m/s.

Find (a) the components and (b) the magnitude and direction of the
average acceleration during this interval.

12



Video Tutor Demonstrations
To get us thinking

VTD Ball fired upwards from a moving cart
VTD Ball fired upward from an accelerating cart
VTD Ball fired from cart on incline



3.3 A 2D special case: Projectile motion

* Motion is resolved into a horizontal component and a vertical component.

At the top of the trajectory, the projectile has zero
vertical veloeity, but s vertical acceleration s sull —g.

1
-

E 3

r . vy,
Vertically, the projectile
exhibits constant-acceleration

p s
moton m responsc o the 1

1

1

1

R
earth’s gravitational pull. Thus,
its velocity changes by equal
amounts during equal time
intervals.

.—————————

Honzontally, the projectile exhibits constant-velocity motion: Its horizontal acceleration
15 2er0, 50 1L moves egual x distances in equal time intervals.

A FIGURE 3.11 Independence of horizontal and vertical motion. In the vertical direction, a projectile behaves like a freely falling object; in the
horzontal direction, it moves with constant velocity.
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https://phet.colorado.edu/sims/html/projectile-motion/latest/projectile-motion

PhET projectile motion

Cannonball .

Diameter 0.8m

(W Air Resistance ™
Drag Coefficient: 0.47
\

A

vy

=
@® Total

O Components

D Velocity Vectors

() Acceleration Vectors

(W Force Vectors

IR

L.

I.
&
< —O0— G

en.html
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https://phet.colorado.edu/sims/html/projectile-motion/latest/projectile-motion_en.html

Projectiles move

Since a projectile moves in 2-
dimensions, it therefore has 2
components just like a resultant
vector.

C &
U, = Vg sin fy

A .'_.-
il A5

= r'.‘-, Cias H“

- | I},-H

A FIGURE 3.12 The initial velocity of a pro-
jectile, showing the components and the
launch angle @,

in TWO dimensions

« The force of gravity is what causes the
object to curve downward in a parabolic
flight path. Its path through space is
called its trajectory.
16



A FIGURE 3.10 Independence of horizontal
and vertical motion: At any given time, both
balls have the same y position, velocity, and
acceleration, despite having different x posi-

tons and velocities. Successive images are
separated by equal time intervals.
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http://www.youtube.com/watch?v=NJ0ptu9koYk

Horizontal and vertical motions are independent of each other.

(you are expected to know the properties of each motion, and explain what happens to the displacement, velocity, and acceleration vectors through the
projectile’s trajectory)

~—= Vectors In Two Dimensions \
Begin Begin
X
J =0 l It -
S
= -
~
aj, <
Vy +y ~s~
J—I \
+X .
A
Al
]
AN
L ) 18




VTD Dropped and thrown balls

VTD Independent horizontal and
vertical motion



A 2D special case: Projectile motion

Assuming no air

resistance
I

Horizontally: Vertically: free fall; constant
constant velocity acceleration g

20



Determination of Key ltems

R e Don't forget:
Lo} - \\\
_v/ \\\x Initial velocity is a 2D vector.
0 ”
Vector.— v, =V, +V,,
v =V,sinf,
0y
4 Components.— <
v, =V,c0s0,
Voy

Initial speed.— v, = \/ Ve v, ,

)
Launch angle.— tan6, = %
0x

© 2016 Pearson Education, Ltd.



_ Ax vy = Vpy +ayt
. o Ux = Vox T
* Where is the origin? Ay = vyt + 2a,t?

| use the launch point

* List known and unknown quantities.

Highest pointv, =0

a, =-9.8 m/s?

Time to go up = time to come down.

lvl is same for same height.

* Read the question carefully to find out what it is asking.
* Use your equations plus other known values

* Keep the same origin throughout the question.

* Estimate and check your answer

22



exampLe 3.3 Paintball gun

The contestant in Figure 3.14 shoots a paintball horizontally at a speed of 75.0 m/s from a point 1.50 m above
the ground. The ball misses its target and hits the ground. (a) For how many seconds is the ball in the ar?
(b) Find the maximum honzontal displacement (which we'll call the range of the ball). Ignore air resistance,

23



The contestant in Figure 3.14 shoots a paintball horizontally at a speed of 75.0 m/s from a point 1.50 m above
the ground. The ball misses its target and hits the ground. (a) For how many seconds is the ball in the air?
(b) Find the maximum horizontal displacement (which we’ll call the range of the ball). Ignore air resistance.

24
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v =

A tennis player hits a ball at ground level, giving it an initial
velocity of 24 m/s at 57° above the horizontal.

(a) What are the horizontal and vertical components of the ball's initial
velocity?

(b) How high above the ground does the ball go?

Ax Vo = Vo + Aot A z(”“i"'”-”)t
Yoy = — y oy T Qy Y -

Ay = vgyt + Za,t? vy = vg, + 2aly

26



(c) How long does it take the ball to reach its maximum height?

(d) For how long a time is the ball in the air?

(e) What are the ball's velocity and acceleration at its highest point?

(f) When this ball lands on the court, how far is it from the place
where it was hit

(g) What is the final velocity just before it hits the ground?

Ax 1

_ _ = vy, + a,t Ay = ( )t
Uy = Vox _T Y Y Y

2

Ay = vyyt +1a,t? vZ =

v = vgy, + 2aly

27



A tennis player hits a ball at ground level, giving it an initial velocity of 24 m/s at 57° above the horizontal.

a)
b)
c)
d)
e)
f)
g)
h)

Components

High

Time to max

How long in the air
Highest point values
Range

Final velocity
Extra—velocityat 3 s

Vy = Voy tayt

Ay = voyt + 2a,t?

Ay =

2 _
1.7},—

Voy+ vy) ¢
2

vgy + 2alAy



Uy = Vox = ﬂTx v~ Yoy * ﬂyt ﬂy B (ﬂu}: v—"’) t
Solution by = voyt +1a,t?  v2 = vd, +2ahy

a) x and y- components:
x-component = 24 * cos 57 = 13.07 m/s
y-component = 24 * sin 57 = 20.13 m/s

b) Maximum Height (i.e. final velocity =0)
V2 =V, + 2aly (using the y-component)
0%2=20.13%2+(2 *-10 * Ay)

-405.22 =-20 * Ay

Ay = 20.26 metres



Solution ve=ve=" |

cont...

+
Ax vy = Vgy +ayt Ay = (M) t

2

Ay = vgyt + Za,t? vy = vg, + 2aly

c) Time to maximum height: (Use y-component)
V,=0=20.13 - 10t
10 t = 20.13, thus t = 2.013 seconds

d) 2 x time to maximum height = 4.026 seconds

e)v, =v,, =13.07 m/s v,= 0m/s

(f) When this ball lands on the court, how faris it from the place where it was hit?

Ax = v, At =13.07 X 4.026 =52.6 m

30



T,?u}r'l'ﬁ‘y) ¢

SolUtion | s-w-& | fu-mror o0
cont...

Ay = vgyt + Za,t? vy = vg, + 2aly

(g) What is the final velocity just before it hits the ground?

V,= 13.07 m/s

v, =-20.123m/s (equalin magnitude and opposite to initial)

v=1113.072 + 20.132 = 24.00 m/s

Direction a = tan™1 (ig;j)= 57 deg

O = 360 — 57 =303 deg

31



SO
CO

ution by = e = vy = voy +ayt

Ay = vyt +1a,t?
Nt.. 2

Range =(V,2*sin20) /g

o= (2

v},z = vﬁy + 2alAy



Projectile at an angle

https://www.khanacademy.org/science/physics/two-dimensional-

motion/two-dimensional-projectile-mot/v/projectile-at-an-angle

’ Projectile at an angle Watch this video

Figuring out the horizontal displacement for a projectile launched at an angle . . . . .

Projectile at an Angle

33


https://www.khanacademy.org/science/physics/two-dimensional-motion/two-dimensional-projectile-mot/v/projectile-at-an-angle
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8. ® A physics book slides off a horizontal tabletop with a speed
of 1.10 m/s. It strikes the floor in 0.350 s. Ignore air resistance.
Find (a) the height of the tabletop above the floor, (b) the hori-
zontal distance from the edge of the table to the point where
the book strikes the floor, and (¢) the horizontal and vertical
components of the book’s velocity, and the magnitude and
direction of its velocity, just before the book reaches the floor,

a) 0.60 m b) 0.385 m ¢) 3.60 m/s angle 288 deg

35



9. ® A tennis ball rolls off the edge of a tabletop 0.750 m above
the floor and strikes the floor at a point 1.40 m horizontally
from the edge of the table. (a) Find the time of flight of the
ball. (b) Find the magnitude of the initial velocity of the ball.
(¢) Find the magnitude and direction of the velocity of the ball
just before it strikes the floor.

a) 0.39sb)3.58 m/sc)5.24 m/s angle 313 deg

36



3.8, Set Up: Take +v downward, so a, =0, a, =+%80 ms’, 1y, =110 m's and g, =10,

Solve: (a) v — vy =y, 0 +La " =980 mis ) 0.350 5)° = 0.600 m. This is the height of the tabletop,
(h) x—xg=1y,f +J3-nrr2 = (110 mf)0,350 8] =0385 m

(€} v, = ty, = L10ms, U, =y, +ab= {980 ms ) 0350s) =343 ms. vs= 1.|'uf +0, =360 ms.

el 145 s

lo ] 110 m's
and &=722% The velocity of the book just before it hits the floor has magnitude 3.60 m's and is directed at 72.2
below the honzontal.

tan &

*3.9. Set Up: Take +y downward, so o =0,a, = +9.80 m's” and Uy, =0. When the ball reaches the floor,
¥ =¥y = L750 m.

= =0.39] 5,

20y —yu) _ Jl[l:r.‘-rs-ﬂ i)
980 m's”

Solve: (a) v — = uy,f + _é"'_-lz gives 1= J

ir

X=Xy 140m
I 0.391s

(e} v, =1y, =358 Wis, b, =1y, +a,r=(980 s HD39 81 =383 mis v=,u +u ) =524 ms

(b) x—x =yt + {a,rE EIVES Wy, = =3.58 mfs. Since thy, =0, =1, =358 m's,

w383 s

tan & = =
| 358 ms

and & =46.9% The final velocity of the ball has magnitude 5.24 m's and is directed at 46.9° below the horisontal.

Reflect: The time for the ball to reach the floor s the same as 1if 1t had been dropped from a height of 0,750 m; the

. . - . 37
horizontal component of velocity has no effect on the vertical motion.



VTD Range of gun at two firing angles



Monkey and gun

A shooter hiding under a bush in a forest sees a monkey on a tree 50m high and immediately

points his gun at the monkey and shoots him. The monkey notices the shooter and jumps from

the tree at the same time when the bullet is released from the gun.
Where should he aim the gun?

N = http://www.youtube.com/watc
- et

r h?v=cxvsHNRXL jw&feature=kp

\/ 39


http://www.youtube.com/watch?v=cxvsHNRXLjw&feature=kp

Relative Velocity

* Velocities can carry multiple values depending on the position and
motion of the object and the observer.

— J— —

Ywic = Ywir T Vrc

T (train)
J‘H “‘ Y m/S
C (cyclist) '._
‘ Ur/ic = 3.0 m/s Vwic = 3.2m/s
W (woman) —= ) == 1.0 m/s
l“ v »
“ UlV/T = 1.0 m/S
u
u
@ . (b) Relative velocities and their corresponding

magnitudes as seen from above

© 2016 Pearson Education, Ltd.



An Airplane in a Crosswin~

* A solved application of
relative motion.

. - .. . 6P/A —
ThIS. s just velocity vector 240 km/h,
addition. north

—_— — —

Veie = Vpia TV

VTS Ex 3.10

© 2016 Pearson Education, Ltd.



Summary

Motion (CLO3, Chapters 2 & 3)

Ay and Ax can be interchanged.

For free fall (in the y direction) a =-g =-9.8m/s?

For free fall the y component of velocity at the highest point is zero.
Deal with x (horizontal) and y (vertical) separately

Time is the common value for x and y directions.

| take the launch point as zero time and zero x and y coordinates.



summary

At the top of the trajectory, the projectile has zero
vertical velocity, but its vertical acceleration is still —g.

v
Vertically, the projectile < L
exhibits constant-acceleration U3
motion in response to the
earth’s gravitational pull. Thus,
its velocity changes by equal
amounts during equal time
intervals.

1
|
1
I
vOy I
I
I
|

Horizontally, the projectile exhibits constant-velocity motion: Its horizontal acceleration
is zero, so it moves equal x distances in equal time intervals.
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VTD Balls take
high and low
tracks

Use the

textbook

for more
details

VIS Ex 3.1

PhET Projectile

motion

STUDY AREA

Home

Chapter 3 Assets [JRYL:[-I°]

Video Tutor
Demonstrations

PhET
Simulations

eText i
Video

Sears & Zemansky's

College Physics

TENTH EDITION

Young « Adams « Ch

Chapter 3: Motion in a Plane

> Chapter 3: Motion ina Plane = Chapter 3 Assets

Chapter 3 Assets

Tutor Demonstrations

Balls Take High and Low Tracks

Ball Fired Upward from Moving Cart

Ball Fired Upward from Accelerating Cart
Ball Fired from Cart on Incline

Dropped and Thrown Balls

Range of a Gun at Two Firing Angles
Independent Horizontal and Vertical Motion

Tutor Solutions

Example 2.1 A model car

Example 3.2 The model car again

Example 3.3 Paintball gun

Example 3.4 A home-run hit

Example 3.5 Range and maximum height of a home-run ball
Example 3.6 Kicking a field goal

Example 3.7 Shooting_a falling_pear
Example 3.8 Fast car, flat curve

Example 3.9 A high-speed carnival ride
Example 3.10 Flying_in a crosswind
Example 3.11 Compensating for a crosswind
Chapter 3 Bridging Problem

PhET Simulations

Ladybug_Motion 2D
Ladybug_Revolution
Maze Game

Mation in 20
Projectile Motion
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Velocity in a Plane

* From the graphs, we see both average and instantaneous velocity vectors.

The instantaneous velocity vector U
is always tangent to the x-y path.

/'\<

v, and v, are the x
and y components
of U.

(b)

, Instantaneous velocity of
Average velocity of a . 0
particle at point r

particle over displacement Ar

. Ar v =Ilim—
vav =
At

© 2016 Pearson Education, Ltd.



Average Acceleration in a Plane

Definition of average acceleration a,,
As an object undergoes a displacement during a time interval Ar, its average
acceleration is its change in velocity, A, divided by Ar:

Ez_a| _Aﬁ
t, — 1 A’

(3.4)

Average acceleration = @, =

To find the car’s average acceleration between

P, and P,, we first find the change 1n velocit . . .
L, > B cranee 1y The average acceleration has the same direction
Av by subtracting v from U,. (Notice that

5, + AD = 5,) as the change in velocity, Av.

47



e At an air show, a jet plane has velocity components v, =
625 km/handv, = 415 km/hattime 3.85sand v, = 838 km/h
and v, = 365 km/h at time 6.52 s. For this time interval, find
(a) the x and y components of the plane’s average acceleration
and (b) the magnitude and direction of its average acceleration.

3.2, Set Up: Since the velocity is expressed in units of km'h and the time interval is in seconds, it 1s convenient to
express the acceleration in mixed units of km'h s

Solve: (a)
= ' Au, m'hy —
I:ﬂx}“=.-}.!4!? =S~3-E kmh — 625 km'h = 79.8 kmth - 5; (@, )y, = —2 =3rﬁ5|n: 415 kmm=—]!'l.'.'km.'h-.r.
A 6328 -385s : At 6.525-3.K5%

ib) a,, andils components are shown in the Ggure below,

L
If.;'f I:"ll :Iu'

Iquln.

i
Ty = ’JII{'“.T ]'.:ll.-2 + {'“_l-.:'r-z =.S'2'D km'h -5, tang = {_"r}i and @=13.2° below the +x-axis.

T oAl
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