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Course Topics 
 
 

• Trigonometric functions. 

• Vectors.  

• Graphs of the trigonometric functions 

• Solving systems of two linear 

equations. 

• Determinants.  

• Statistics.  
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Assessments 
  

  

Weekly quizzes, weekly problem sets, midterm 

examination, and final examination. 
  

Grading policy:  

Weekly Quizzes  (20%)  

Problem Sets  (20%)  

Midterm Exam  (25%)  

Final Exam   (35%)    

Total    (100%) 
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Chapter 4 

The Trigonometric 

Functions 
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Learning Outcomes 

 At the end of this chapter the student will:  

 Describe how angles are defined. 

 Describe how the trigonometric functions are 
defined. 

 Determine the values for the trigonometric 
functions for angles. 

 Determine the angle when a trigonometric 
ratio is given. 

 Apply concepts related to the trigonometric 
ratios. 



Copyright © 2005 Pearson Education Canada Inc. 4-6 

1) Compute the unknown angle of right and oblique triangles applying law of sine and cosine 

1.1  Given a right triangle and a reference angle, IDENTIFY the following triangle 

sides:  Adjacent, Opposite, Hypotenuse. 

1.2  From memory, STATE the formulas for the following trigonometric functions: Sine, 

Cosine, Tangent, Cosecant, Secant, and Cotangent. 

1.3  Given a right triangle and a reference angle, the length of any side, and with an approved 

calculator; SOLVE for the unknown angles of the triangle. 

1.4  Given a right triangle and a reference angle, the length of any side, and with an approved 

calculator, SOLVE for the unknown angles and sides of the triangle. 

1.5  Given a triangle other than a right angle triangle, a reference angle, the length of any side, 

and with an approved calculator, SOLVE for the unknown angles and sides of the triangle.  

1.6  Given a right triangle and the length of any two sides, SOLVE for the length of the third 

side using the Pythagorean Theorem.  
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Ch. 4.1: Angles 

 An angle is generated by rotating a ray 

about its fixed endpoint from an initial 

position to a terminal position. 

 The initial position is called the initial side 

of the angle, the terminal position is 

called the terminal side, and the fixed 

endpoint is the vertex. 
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Angles 

 Defining an angle: 

Initial side 

 
Vertex 

Ray 
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Angles Formed by Rotation 

 Positive angles: counterclockwise rotation 

 Denoted by Greek letters. 

 

Initial side 

 
Vertex 
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Angles Formed by Rotation 

 Positive angles can also be written as 
negative angles: clockwise rotation 

 Also, denoted by Greek letters. 

Initial side 

  =  - 360 

 



Copyright © 2005 Pearson Education Canada Inc. 4-11 

Angles Formed by Rotation 

 Write -75 as a positive angle. 

Initial side 

 = -75 

 = 285 

360 - 75 =    285 

The angles,  and 

, are called 

coterminal angles 

since they share the 

same initial & 

terminal sides. 
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 360° = 2 radians = 1 revolution 

 1 degree = 60 minutes 

 1 minute = 60 seconds There are 3600 

sec in 1 deg. 

Angle Conversions 
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Angle Conversions > Min to Degrees 

 Example 1: 

 Convert 6525’ to decimal degree form. 

 4 2.6 5
6 0

2 5
6 5'2 56 5

Divide 

by 60. 
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Convert 32.459 to 

degree/minute/second form. 

"4.20'2632

6034.0'2632

'34.2632

60459.032

32.459










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Standard Position of an Angle 

 If the initial side of the angle is the positive x-

axis, and the vertex is the origin, the angle is 

said to be in standard position. 

 

x-axis 

y-axis 
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Standard Position of an Angle 

 The terminal side of an angle is uniquely 
determined by knowing that it passes 
through the point (x, y). 

 

x-axis 

y-axis 

(x, y) 

 



Copyright © 2005 Pearson Education Canada Inc. 4-19 



Copyright © 2005 Pearson Education Canada Inc. 4-20 



Copyright © 2005 Pearson Education Canada Inc. 4-21 

Ch. 4.2: Defining the 

Trigonometric Functions 

 The value of using trigonometric 

functions lies in an understanding of 

properties of similar triangles. 

 Properties of Similar Triangles: 

1. Corresponding angles are equal. 

2. Corresponding sides are proportional. 
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Properties of Similar Triangles 

 The corresponding sides are the sides, 

one in each triangle, that are between 

the same pair of equal corresponding 

angles. 

A1 

B1 

C1 
A2 

B2 

C2 

a1 

b1 

c1 a2 

b2 

c2 
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Properties of Similar Triangles 

 From this definition of corresponding 

angles, we can determine that: 

the ratio of one side to another side in  

one triangle is the same as the ratio of the 

corresponding sides in the other triangle. 

 We apply this concept to our 

understanding of trigonometry. 
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x 

y 

 A 

Regardless 

how far p is 

away from  A, 

the size of the 

angle will never 

change.  

p1 
p2 

p3 

Therefore, the ratio between the lengths of 

the sides will never change. 

Determining the  

Trigonometric Ratios 



Copyright © 2005 Pearson Education Canada Inc. 4-25 

x 

y 

 A 

We label the 

right triangle 

as:  

y 

The trigonometric ratios are defined as 

follows: 

Determining the  

Trigonometric Ratios 

x 

r 
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Evaluating the Trigonometric 

Functions 

 The values of a trigonometric function 

are dependent on: 

 The ratios of the sides  

 The Pythagorean Theorem 
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8.5 

Example 

 Find the values of the trigonometric 

functions of the angle whose terminal 

side passes through (8.5, 3.2). 

sin A = 3.2/9.08 = 0.352  

csc A = 1/0.352 = 2.838 

cos A = 8.5/9.08 = 0.936  

sec A = 1/0.936 = 1.068 

tan A = 3.2/8.5 = 0.376  

cot A = 1/0.376 = 2.656 

 

3.2 

 
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csc A = 1/sin A  

sec A = 1/cos A 

cot A = 1/tan A 
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A 
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Ch. 4.3: Values of the 

Trigonometric Functions 

 If given a point on the plane, we can 

determine the trigonometric ratios of the 

angle made by the terminal side defined 

by that same point. 

 There are some angles whose 

trigonometric values you should be 

familiar with. 
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Ch. 4.3: Values of the 

Trigonometric Functions 

 Using our understanding of the 30˚-60˚-

90˚ triangle and the 45˚-45˚-90˚ triangle, 

trigonometric ratios can be readily 

determined. 

 Scale drawings of these triangles are 

used to calculate these ratios. 

 It is helpful to be familiar with these 

values as they commonly occur. 
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Values of the Trigonometric 

Functions 

 The 30˚-60˚-90˚ triangle: 

 The 45˚-45˚-90˚ triangle: 

1 

2 

3 

30˚ 

60˚ 

90˚ 

45˚ 

45˚ 

90˚ 

1 

1 2 

Ratios (sin,cos,tan) ? 
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 If sin A = 0.496 then A = sin-1 0.496 

 Before you begin, do you want the 

angle in degrees? If so, make sure your 

calculator is on degree mode! 

 A = sin-1 0.496 = 29.74° 

Finding Unknown Angles 
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Ex 4.3 q 9-12 & 25-28 
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Ch. 4.4: The Right Triangle 

 We can generalize the definitions of the 

trigonometric functions by naming the 

sides of a right angle triangle. 

A 

B 

C Side adjacent A 

Side opposite A 
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Procedure for Solving a Right 

Triangle 

1. Sketch a right triangle and label the 

known and unknown sides and angles. 

2. Express each of the 3 unknown parts in 

terms of the known parts and solve for 

the unknown parts. 

3. Check the results.  
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Procedure for Solving a Right 

Triangle 

 The sum of the angles should be 180˚. 

 If only one side is given, check the 

computed side with the Pythagorean 

Theorem.  

 If 2 sides are given, check the angles 

and computed side by using 

appropriate trigonometric functions. 

 
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Ex 4.4 q 9-11 & 33-36 
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Ch. 4.5: Applications of Right 

Triangles 

 Situations where a right angle exists are 

easily solved using trigonometry. 

 Here we introduce the ideas of:  

 the angle of depression, and, 

 the angle of elevation. 
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Angle of Elevation 

 The angle between the line of sight (line 

joining the eye of an object) & the 

horizontal plane with the object ABOVE 

the horizontal plane. 

 

 

 

A Worm’s View 

Looking Up! 
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Angle of Depression 

 The angle between the line of sight (line 

joining the eye of an object) & the 

horizontal plane with the object BELOW 

the horizontal plane. 

 

 

 

A Bird’s View 

Looking Down! 

http://www.erca.org/main.htm
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Working with Angle of Depression 

 In the diagram below, an observer on top of 

building A (293 m high) measures the angle of 

depression to the bottom of B as 62.6°.  How 

far away is building B? 

293 m 

Distance? 

A B 
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Working with Angle of Depression 

 We sketch out a diagram labelling all the 

pertinent information. 

293 m 

62.6° 

62.6° 

Notice where we 
measure 62.6°. 
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Working with Angle of Depression 

 If we remove the buildings, a right angle 

triangle has been created. 
2
9

3
 m

 

62.6° Distance? 

 We solve for 
distance having 
identified the 
appropriate 
trigonometric 
ratio. 



Copyright © 2005 Pearson Education Canada Inc. 4-53 



Copyright © 2005 Pearson Education Canada Inc. 4-54 

Working with Angle of Depression 

 Therefore, the buildings are 151.87 m 

apart. 

151.87 m 

 
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Ex 4.5 q 6-9 & 17-20  
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Summary below 
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Coterminal 

Positive = θ + 360 

Negative = θ - 360 

360° in 2 rads  

SOH CAH TOA 

S=O/H, C=A/H, T=O/A 

Depression 

Elevation csc A = 1/sin A  

sec A = 1/cos A 

cot A = 1/tan A 
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Ch. 5.4: Solving Systems of Linear 

Equations in Two Unknowns 

Algebraically 

 Systems of linear equations can be 

solved algebraically to obtain exact 

solutions. 

 These techniques include: 

 Solution by Substitution 

 Solution by Addition or Subtraction 
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Solution of Two Linear Equations by 

Substitution 

1. Solve one equation for one of the unknowns. 

2. Substitute this solution into the other equation 

to obtain a linear equation in one unknown. 

3. Solve the resulting equation for the value of 

the unknown it contains. 

4. Substitute this value into the equation of step 

1 and solve for the other unknown. 

5. Check the values in both original equations. 
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Example 1 

 Solve the following system of linear 

equations in two unknowns by 

substitution. 

135

1834





yx

yx
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Solution 1 

yx 513

1. Solve one equation 

for one of the 

unknowns. 

2. Substitute this 

solution into the 

other equation to 

obtain a linear 

equation in one 

unknown. 

  1835134  yy
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Solution 1 (continued) 

2y

3

13)2(5

135







x

x

yx

3. Solve the resulting 

equation for the value 

of the unknown it 

contains. 

4. Substitute this value 

into the equation of 

step 1 and solve for 

the other unknown. 

Answer: (3, 2) 
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Solution 1 (continued) 

1818

18612

18)2(3)3(4

1834







 yx

5. Check the values in both original equations. 

1313

13)2(53

135





 yx

 
 

 The solution checks in both equations. 

 This is an independent system of linear equations. 
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ANOTHER METHOD 

Solution of Two Linear Equations by 

Addition or Subtraction 

1. If not already so, write the equations in 

the form  

222

111

cybxa

cybxa





2. If necessary, multiply all terms of each 

equation by a constant chosen so that 

the coefficients of one unknown will be 

numerically the same in both equations. 

(They can have the same or different 

signs.) 
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Solution of Two Linear Equations by 

Addition or Subtraction (continued) 

3. (a) If the numerically equal coefficients 

have different signs, add the terms on 

each side of the resulting equations. 

     (b) If the numerically equal coefficients 

have the same sign, subtract the terms 

on each side of the resulting equations. 

4. Solve the resulting linear equation in the 

other unknown. 
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Solution of Two Linear Equations by 

Addition or Subtraction (continued) 

5. Substitute this value into one of the 

original equations to find the value of the 

other unknown. 

6. Check by substituting both values into 

both original equations. 
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Example 2 

 Solve the following system of linear 

equations in two unknowns by 

addition or subtraction. 

2083

572





yx

yx
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Solution 2 

2083

572





yx

yx1. We note the equations 

are in the correct 

form. 

2. Multiply Equation 1 by 3 

and Equation 2 by 2 to 

give the same first term. 40166

15216





yx

yx
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Solution 2 (continued)  

40166

15216





yx

yx

2 55 y

3. Since the signs of the 

1st term are the same, 

we subtract each 

term. 

4. Solve the resulting 

linear equation in the 

other unknown. 

5y
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Solution 2 (continued) 

5. Substituting into 

Equation 1 to find x. 

6. Checking in both 

equations, the answer 

is: (20, -5) 

 

20

5572





x

x
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Summary 

 Be sure the systems of linear equations 

are in general form. 

 If not, they must be rearranged into that 

form. 

 Always check your work by substituting 

your answers into the original equations. 

 



5-73 



5-74 

A 
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Ch. 5.5: Solving Systems of Linear 

Equations in Two Unknowns by 

Determinants 

 To solve a system of linear equations 

algebraically has involved working with 

the variables, x & y. 

 When working with determinants, we 

eliminate the use of x & y and work 

simply with the coefficients and constant, 

c. 
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Solving Systems of Linear Equations in 

Two Unknowns by Determinants 

 Given: 

222

111

cybxa

cybxa





 The solution for x & y can be shown to be: 

1221

1221

baba

bcbc
x






Determinant of the 2nd order 

1221

1221

baba

caca
y






P153 

MUST set up 

equations like 

this 
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Definition of the Determinant of the 

Second Order 

1221

22

11
baba

ba

ba
rows 

columns 

Principal 

diagonal 

Secondary 

diagonal 

- 
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Cramer’s Rule 

 According to Cramer’s Rule, we can 

solve for x in the original equation by 

setting up the following equation: 

22

11

22

11

ba

ba

bc

bc

x 

  Notice, that the denominator is 

the determinant. 
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Cramer’s Rule 

 To calculate the value of y, we can use: 

22

11

22

11

ba

ba

ca

ca

y 

 The value of x can also be 

simply substituted into an 

equation. 

 The denominator remains 

the same. 
 
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Cramer’s Rule 

22

11

22

11

ba

ba

bc

bc

x 

22

11

22

11

ba

ba

ca

ca

y 



Copyright © 2005 Pearson Education Canada Inc. 5-81 



Copyright © 2005 Pearson Education Canada Inc. 5-82 



5-83 

A 



5-84 

M2 

Ch5.4&

5.5 

3 Methods 

• Solution by 

Substitution 

• Solution by 

Addition or 

Subtraction 

• Cramer's Rule 
 



Copyright © 2005 Pearson Education Canada Inc. 8-85 

Chapter 8 

Trigonometric Functions 

of Any Angle 
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Learning Outcomes 

 At the end of this chapter the student will:  

 Determine the values of the trigonometric 

functions for angles in any quadrant of the 

Cartesian plane. 

 Calculate angles in radians 

 Apply the concept of radian measure when 

calculating arc length, area of a sector of a 

circle and angular velocity. 
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Ch. 8.1: Signs of the 

Trigonometric Functions 

 Previously calculated for acute angles. 

 Now we need methods to solve:  

 obtuse angles,  

 negative angles,  

 angles greater than one revolution, and, 

 angles with terminal sides on the coordinate 
axis. 
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Mapping the Cartesian (xy) plane. 

x-axis 

y-axis 

Quadrant I 

(+, +) 
Quadrant II 

(-, +) 

Quadrant III 

(-, -) 

Quadrant IV 

(+, -) 
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An Angle in QII 

x-axis 

y-axis 

Quadrant I Quadrant II 

Quadrant III Quadrant IV 

135 
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An Angle in QIII 

x-axis 

y-axis 

Quadrant I Quadrant II 

Quadrant III Quadrant IV 

245 
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An Angle in QIV 

x-axis 

y-axis 

Quadrant I Quadrant II 

Quadrant III Quadrant IV 

300 
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The CAST Rule 

x-axis 

y-axis 

QI 

All trig 
functions are 
positive. 

QII 

Only the Sine 
function is 
positive. 

QIII 

Only the 
Tangent 
function is 
positive. 

QIV 

Only the 
Cosine 
function is 
positive. 
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Useful relationships 
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Summary 

 We can use our calculator to find the 
trigonometric functions of an angle in any 
quadrant. 

 Angles found in QII, QIII and QIV have 
corresponding reference angles. 

 The CAST Rule will identify the sign of 
any trigonometric function. 

 
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Ex 8.1 3-6 & 29-32 
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Ch. 8.2: Trigonometric 

Functions of Any Angle 

 Given an angle in any quadrant, we can 

determine the trigonometric functions of 

that angle. 

 Given the trigonometric function(s), we 

can determine the angle in any quadrant. 

 When determining the angle in any 

quadrant, we need to make use of the 

reference angle. 
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Reference Angles 

x-axis 

y-axis 

  

 The reference angle,  , of a given angle is 

the acute angle formed by the terminal side 

of the angle and the x-axis. 
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Reference Angles 

 The general formula for finding the 

reference angle is: 

    FFF  22 1 8 0)(

 The sign used depends on the sign of 

the function in the second quadrant. 

 F represents any trigonometric function 
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Example 

x-axis 

y-axis 

135˚ 

 = 45˚ 

 Angle 45 is the reference angle to 135. 

   

   



FFF

FFF





135180)45(

180)( 22
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Steps to Finding Trig Values in 

any Quadrant 

1. Plot the given point. 

2. Identify the reference angle & label the sides 
accordingly. 

3. Find the reference angle using tan-1. 

4. Add the appropriate degrees to obtain the 
angle looking for. 

5. Either use the calculator to find the trig 
functions or use the given information. You may 
have to find the hypotenuse using  

 22 yxr 
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Finding the Reference Angle 

 The required angle  is found by 
using the reference angle as shown: 

 

  =  (Q I) 

 = 180˚ -  (Q II) 

 = 180˚ +  (Q III) 

 = 360˚ -  (Q IV) 
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The Quadrantal Angles 

 These angles are represented by the x 

and y axes. 

 They are 0, 90, 180, 270 and 360. 

 Their terminal side lies on a coordinate 

axis. 
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Negative Angles 

 To find the values of the 

functions of negative angles, we 

can use functions of 

corresponding positive angles, if 

we use the correct sign. 

   s ins in 

   c s cc s c 

   c o sc o s 

   s e cs e c 

   ta nta n 

   c o tc o t 
 
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Ex 8.2 questions 5-8, 41-44  
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Ch. 8.3: Radians 

 Procedure for Converting Angle 

Measurements 

 To convert an angle measured in degrees to 

the same angle measured in radians, multiply 

the number of degrees by  rads/180. 

 To convert an angle measured in radians to 

the same angle measured in degrees, 

multiply the number of radians by 180/ rads. 

 
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Ex 8.3 q 5-8,  37-39 
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Ch. 8.4: Applications of 

Radian Measure 

 In these applications, the angle that is 

used is in radians. 

 Be sure to convert any angle in degrees 

into radians before using these formulas. 

 Arc Length 

 Area of a Sector of a Circle 

 Angular Velocity 
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Arc Length 

 The length of an arc on a circle is 

proportional to the central angle. 

rs 
 The length of arc of a complete circle is 

the circumference. 

rs 2
 must be in 

radians. 
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Area of a Sector of a Circle 

 The area of a sector of a circle is 

proportional to its central angle. 











2

2
sec


rA to r

 must be in 

radians. 
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Angular Velocity 

 The relationship between the linear 

velocity v and the angular velocity  of 

an object moving around a circle of 

radius r is represented as: 

rv 

 

 is measured in 

radians per unit of 

time. 
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Ex 8.4 q5-8,  q 30-31 
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rs  









2

2
sec


rA to r

rv 
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Chapter 9 

Vectors and Oblique 

Triangles 
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Learning Outcomes Chapter 9 

 
I can add vectors by the tip to toe method 
I can add vectors by the parallelogram method 
I know how to multiply a vector by a scalar 
I can also take away vectors as A - B = A + (-B) 
 
I can split vectors up into x and y components 
I can add vectors by resolving the components. 
 
I can use the cosine rule of triangles 
I can use the sine rule of triangles 
 
I can solve questions using the application of vectors. 
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Ch. 9.1: Introduction to 

Vectors 

 Definition of a vector:     

 -a directed line segment 

  

 Components of a vector:  

 Direction 

 Magnitude 
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Vectors 

 Applications of Vectors:  

Velocity & 

acceleration 

Force 
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Describing Vectors 

 How are vectors described?   

A 

1. A, or,  

2. in boldface:  A 
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Describing Vectors 

 How is the magnitude or the size of a 

vector described? 

 

|AB| or  AB 

Note the boldface 

lettering within the 

absolute value 

bars. 

Note the 

italicized 

lettering. 
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Vector Addition 

x 

y 

O 

 The Tip-to-tail Method: A + B = R 

A 

B B 
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Vector Addition 

x 

y 

O 

 The Parallelogram Method: A + B = R 

A 

B 
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Scalar Multiple of Vector 

x 

y 

O 

 If vector C is in the same direction as vector 

A and C has a magnitude n times that of A, 

then C = nA. 

A 

C 
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Examples 
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Subtraction of Vectors 

 To subtract vectors, the direction of the 

vector is reversed. 

 Therefore, A – B = A + (-B), where the 

minus sign indicates that vector -B has 

the opposite direction of vector B. 
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Subtraction of Vectors 

 An illustration: A – B = A + (- B) = R 

A 
A 

B 

-B 

R 

 
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Questions EX 9.1   9-12, 15-17,   



9-133 
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Ch. 9.2: Components of 

Vectors 

 Two vectors that, when added together, 
have a resultant equal to the original 
vector, are called components. 

 Any vector can be replaced by its x- & y- 
components. 

 Finding these component vectors is 
called resolving the vector. 
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 Components of a vector: 

Vector Components 

Ay 

Ax 

(x, y) 
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Resolving Vectors 

 We will use trigonometry in our 
calculations by means of: 

Ax = r* cos   

Ay = r* sin  
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Steps Used in Finding the x-

and y-Components of a Vector 

1. Place vector A such that  is in standard 

position. 

2. Calculate Ax, and Ay from Ax = rcos  and  

Ay = rsin .  We may use the reference 

angle if we note the direction of the 

component. 

3. Check the components to see if each is in 

the correct direction and has a magnitude 

that is proper for the reference angle. 
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A
y 

=
 5

7
.4

  

 What are the rectangular components of the 
vector given magnitude of 75 &  = 50°? 

Example 

50° 

Ax = r *cos   

Ax = 75 *cos 50° 

Ax = 48.2  

Ay = r*sin   

Ay = 75 *sin 50°  

Ay = 57.4 

Ax = 48.2  
 
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Questions EX 9.2   5-8, 21-22,    
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Ch. 9.3: Vector Addition by 

Components 

 To add two vectors: 

1. Place each vector with its tail at the origin. 

2. Resolve each vector into its x- and y-

components 

3. Add the x-components of each vector together.  

4. Add the y-components of each vector together. 

5. Using the Pythagorean Theorem, find the 

magnitude of the resultant vector. 

6. Using the tangent ratio, find the direction of the 

resultant vector. 
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Example 

x 

y 

O 

 Vector A: 38.616.6 

 Vector B: 28.358 

A 

B 
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Solution – finding the x-component 

 Vector A: 38.616.6 

 Vector B: 28.358 

 Ax + Bx = Rx 

 Ax = rcos = 38.6cos16.6 = 

 

 Bx = rcos = 28.3cos58= 
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Solution – finding the y-component 

 Vector A: 38.616.6 

 Vector B: 28.358 

 Ay + By = Ry 

 Ay = rsin = 38.6sin16.6 = 

 

 By = rsin = 28.3sin58= 
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Solution (continued) 

x 

y 

O 

 Resultant Vector: (52, 35) 

(52, 35) 
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Solution (continued) 

 Resultant Vector: (52, 35) 

 What is the magnitude & direction of 
this resultant vector? 

 = tan-1 (y/x) = tan-1 (35/52) =  

 Answer: 62.7, 34 

  2222 3552yxr
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Solution (continued) 

x 

y 

O 

 Resultant Vector:  

 In rectangular form: (52, 35) 

 Magnitude & direction: 62.7, 34 

 
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Ex 9.3 questions 7 – 10 

 

Plus 27 



9-149 



Copyright © 2005 Pearson Education Canada Inc. 9-150 

Ch. 9.4: Application of vectors 



Copyright © 2005 Pearson Education Canada Inc. 9-151 



Copyright © 2005 Pearson Education Canada Inc. 9-152 

Ch. 9.5: Oblique Triangles, the 

Law of Sines 

 We will use the Law of Sines & Cosines 

when finding the angles & sides of a 

triangle which is not a right triangle. 

 This type of triangle is known as an 

oblique triangle. 
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Possible Combinations of 

Oblique Triangles to Solve 

 Case 1. Two angles and one side 

 Case 2. Two sides and the angle 

opposite one of them 

 Case 3. Two sides and the included 

angle 

 Case 4. Three sides 
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Standard Notation for 

Triangles 

 We will use standard notation in our 

discussion of all triangles. 

 

 

A 

C 

B 

b 
a 

c 
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Law of Sines  

  If ABC is a triangle with sides a, b and 

c, then the sides of the triangle are 

proportional to the sines of the opposite 

angles. 

 

C

c

B

b

A

a

sinsinsin

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Case 1. Two Angles and One 

Side 

 Given A = 28.7, B =102.3, b = 27.4 m, find 

a, c, and C. 

 Solution: 

1. Make a sketch. 

2. Use the triangle sum theorem to find the 

missing angle, C. 

3. Use the Law of Sines to find the missing 

lengths. 
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Solution (continued) 

  

102.3 

28.7 

Making a sketch reveals … 

A 

B 

C 

Find the missing angle C … 

? 
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Solution (continued) 

  

102.3 

28.7 

The missing angle C is:  

  180° – 28.7° – 102.3° =  

49.0° 
C 

B 

A 
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Solution (continued) 

  

b = 27.4 m 

102.3 

28.7 

Length a is:  


 3.102sin

4.27

7.28sin

a

49.0° 
C A 

B 
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Solution (continued) 

  

b = 27.4 m 

102.3 

28.7 

Length c is:  



 3.102sin

4.27

49sin

c

49.0 
C A 

B 
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Final Solution 

  

b = 27.4 m 

102.3 

28.7 

To have solved this triangle, the values of all 3 

lengths have been found and the size of all 3 

angles have been found. 

49.0° 
C A 

B 
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Case 2. Two Sides and the 

Angle Opposite One of Them 

 Given A = 35, a = 20, b = 30 m, find c, B, 

and C. 

 Solution: 

1. Make a sketch. 

2. Use the Law of Sines to find B. 

3. Use the Triangle Sum theorem to find C. 

4. Use the Law of Sines to find length c. 
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 Solving using the Sine Law gives us:  

Solution 

35° 

Bsin

30

35sin

20


 8604.0sin

35sin30sin20





B

B

  36.598604.0sin 1B

A B 

What is C? 

C = 85.64° 

C 

? 

59.36° 
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 Use the Sine Law to find length c:  

Solution (continued) 

35° 




 64.85sin35sin

20 c

5736.0

942.19

64.85sin2035sin





c

c

mc 77.34

A B 

C 

85.64° 

59.36° 
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• To have solved this triangle, the values of 

all 3 lengths have been found and the size 

of all 3 angles have been found. 

Solution (continued) 

35° 
A 

B 

C 

85.64° 

59.36° 
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Summary of Solutions: 

 Two Sides and the Angle Opposite One 

of Them 

1. No solution if a < bsin(θ). 

2. A right triangle solution if a = bsinA. 

3. Two solutions if bsinA < a < b. 

4. One solution if a > b. 
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Summary of Solutions: 

 To have 2 solutions, we must know 2 sides 

and the angle opposite one of the sides, and 

the shorter side must be opposite the known 

angle. 

 If there is no solution, the calculator will 

indicate an error. 

 If the solution is a right triangle, the calculator 

will show an angle of exactly 90˚. 

 Since 2 solutions may result from Case 2, it is 

often called the ambiguous case. 
 
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Exercise 9.5 questions 7-10, 28,29 
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175 is 

vertical 
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Ch. 9.6: The Law of Cosines 

 The Law of Sines can only be used when 

we know: 

 Case 3. Two sides and the included angle 

 Case 4: Three known Sides. 

 Use the Law of Cosine when all 3 sides 

are known  & when there are 2 sides & 

an included angle. 
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Case 3. Two sides and the 

included angle 

 Given two lengths, 1.24 m and 1.87 m, 

and the contained angle 42.8°, what is the 

length of the third side? 

First sketch the problem 
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Case 3. Two sides and the 

included angle 

 Given two lengths, 1.24 m and 1.87 m, 

and the contained angle 42.8°, what is the 

length of the third side? 

1.24 m 

42.8° 

x 
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Case 4. Three Sides 

 Given three lengths, 70 m and 65 m and 

49 m, what are all 3 angles? 

65 m 

49 m 
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Solving Oblique Triangles 

 Case 1: Two Angles and One Side 

 Find the unknown angle by subtracting the 

sum of the known angles from 180˚ (the 

Triangle Sum Theorem). 

 Use the Law of Sines to find the unknown 

sides. 
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Solving Oblique Triangles 
(continued) 

 Case 2: Two Sides and the Angle Opposite 
One of Them 

 Use the known side and the known angle 
opposite it to find the angle opposite the 
other known side. 

 Find the third angle from the fact that the 
sum of the angles is 180˚ (the Triangle Sum 
Theorem).  

 Use the Law of Sines to find the third side. 

 Watch for the ambiguous case. 
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Solving Oblique Triangles 
(continued) 

 Case 3: Two Sides and the Included Angle 

 Find the third side by using the Law of 

Cosines. 

 Find the smaller unknown angle (opposite 

the shorter side) by using the Law of Sines.  

 Complete the solution using the fact that the 

sum of the angles is180˚ (the Triangle Sum 

Theorem).  
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Solving Oblique Triangles 
(continued) 

 Case 4: Three Sides 

 Find the largest angle (opposite the longest 

side) by using the Law of Cosines. Find a 

second angle by using the Law of Sines. 

 Complete the solution by using the fact that  

the sum of the angles is 180˚ (the Triangle 

Sum Theorem).  

 

 
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Exercise 9.6 questions 5-9, 28, 31 

c = 4750 

B = 11.1o 

A = 70.9o 
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Application of vectors. 

We can apply what we have learnt to real problems 

 

Look back over chapter 9.4 and some examples 



9-186 
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Chapter 10 

Graphing the 

Trigonometric Functions 
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4) Diagram trigonometric functions.  
 

I can…………. 
 
4.1 Sketch the curves of the trigonometric functions using amplitude, 
period and displacement.  
4.2 Calculate the amplitude of a trigonometric function  
4.3 Calculate the period of a trigonometric function  
4.4 Calculate the displacement of the trigonometric function  
4.5 From sketch calculate period.  
4.6 From sketch calculate amplitude.  
4.7 From sketch of a trigonometric function calculate displacement.  
4.8 Sketch composed trigonometric functions (tangent, cotangent, 
secant, and cosecant).    
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Ch. 10.1: Graphs of y = asinx 

& y = acosx 

 The angles of the graphs of the 

trigonometric functions will be expressed 

in radians. 

 In this way, both the independent 

variable and the dependent variable are 

real numbers. 
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The Periodic Curve 

 y = sin x and y = cos x are known as 
sinusoidal or periodic functions. 

y = sin x y = cos x 
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Graphing the Sine & Cosine 

Curves  

 There are 5 key points found within one 

cycle of the sine or cosine curve to use 

when sketching the trigonometric curves. 

 The intercepts (or zeros) 

 The maximum 

 The minimum 

 These are important landmarks and will 

help you sketch a symmetrical curve. 
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Key Points on the Normal Sine 

Curve  

1. 1st intercept: (0, 0) 

2. 2nd intercept: (, 0) 

3. 3rd intercept: (2, 0) 

4. Maximum: (/2, 1) 

5. Minimum: (3/2, -1) 
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Amplitude 

 All y-values obtained for the graph of   

y = sin x  and y = cos x are to be 

multiplied by a. 

 The amplitude increases by |a| 

amount. 
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Amplitude 

y = sin x 

y = 2sin x 
 Note the location of 

the 5 key points used 

in graphing. 
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Amplitude 

y = sin x 

y = -2sin x 

 The negative 

reverses the 

direction of the 

graph.  

 The intercepts 

remain the same 

but the maximum & 

minimum are 

reversed. 
 
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Ch. 10.2: Graphs of y = asinbx 

& y = acosbx 

 When graphing y = sin x  and y = cos x the 

values of y repeat every 2 radians. 

 We say that these functions are periodic and 

have a period of 2 rads. 

 Graphing y = asinbx or y = acosbx 

 Period = 2π/b                 

 We still use the 5 key values to sketch a 

trigonometric function to include its period. 
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y = asinbx  

Period = 2π/b  

a = amplitude 
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Period 

y = sin x 

y = sin 2x 

 There are 

twice as many 

cycles. 

 Once again, 

note the 

location of the 

5 key points 

used in 

graphing. 
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Period 
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Period 

y = sin x 

y = sin 0.5x 

 There are half 

as many cycles 

here. 

 



10-203 



10-204 



Copyright © 2005 Pearson Education Canada Inc. 10-205 

Ch. 10.3: Graphs of  

y = asin(bx+c) & y = acos(bx+c)  

 The effect of c in the equations               
y = asin(bx+c) and y = acos(bx+c)  

 shift the curve to the left if c > 0, or  

 shift the curve to the right if c < 0. 

 Displacement or Phase Shift: 

 The amount of shift is given by -c/b. 
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Displacement 
y = asin(bx+c) & y = acos(bx+c) 

y = sin x 

y = sin (x + /2) 
 The 

displacement is 

negative (to the 

left) for c > 0. 
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Displacement 

y = sin x 

y = sin (x - /2) 
 The 

displacement is 

positive (to the 

right) for c < 0. 
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Summary  

 Important Quantities to Determine for 

Sketching Graphs of y = asin(bx + c) &         

y = acos(bx + c): 

 Amplitude = |a| 

 Period = 2/b 

 Displacement = -c/b 

 
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For y=asin(bx+c) 

amplitude= a, period = 2π/b, displacement = - c/b 
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A 



10-211 



10-212 



Copyright © 2005 Pearson Education Canada Inc. 10-213 



Copyright © 2005 Pearson Education Canada Inc. 10-214 

Graph to equation 

Ex 10.3 q 41-44 
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Ch. 10.4: Graphs of  

y = tan x, y = cot x, y = sec x, y = csc x  

 These functions are not defined for the 

values of x for which the curve has 

asymptotes.  

 This means that the domains do not 

include the values of x at the points 

where the asymptotes exist. 
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Graph of y = tan x 

 Note the asymptotes where y = 

tan x is undefined. 

 

 Amplitude has no meaning here; 

period & phase shift do. 

 

 Asymptote 

is  straight line that is closely approa

ched by a plane    curve so that the 

Perpendicular distance  between 

them  decreases  to  zero as the  

Distance from the  Origin increases 

 to infinity 
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Graph of y = csc x 

 This graph is the 

reciprocal 

relationship of           

y = sin x.  

 Note the asymptotes 

where y = csc x is 

undefined. 
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Graph of y = sec x 

 This graph is the 

reciprocal 

relationship of           

y = cos x.  

 Note the asymptotes 

where y = sec x is 

undefined. 
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Graph of y = cot x 

 Note the asymptotes 

where y = tan x is 

undefined. 

 Note the asymptotes 

are the same for       

y = cot x . 

 
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Chapter 22 

Introduction to Statistics 
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Course Learning Outcomes 

 6)     Perform basic statistical analysis including:  

 6.1   Compute the mean value  

 6.2  Compute the mode value 

 6.3  Compute the median value 

 6.4  Compute the standard deviation, percent error, 

confidence level, precision and accuracy, and 

distribution functions and INTERPRET the results. 
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When we deal with large amounts of data we can analyse 

them to find a lot of information. 

 

This is statistics. 

 

First we need to know some definitions and the ways we can 

represent data in graphs. 
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Ch. 22.1: Frequency 

Distributions  

 Terminology: 
 Raw data: numerical data collected but not 

yet organized 

 Array: data that has been organized in 
either ascending or descending order 

 Classes: groups used to organize the data 

 

 Eg people with red hair 
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Frequency Distributions  

 Frequency: the number of values in the 
class 

Eg 4 people with red hair 

 Frequency distribution table: organizes 
the data according to class and 
frequency 

 Relative frequency: the frequency of the 
class is divided by the total frequency of 
all classes 

See example 3 page 614 

 Cumulative frequency: obtained from 
adding the class frequencies 
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Frequency 
Frequency distribution 
table:  
Relative frequency: 
Cumulative frequency: 

Cumulative 

Freq 

4 

4+18 

4+18+38 

etc 
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Illustrating Frequencies 

 Histogram: a 
representation of a 
particular set of data by 
displaying each class of 
the data as a rectangle. 

 Frequency polygon: 
represents a set of data 
by plotting the x-values 
and the frequencies as 
the y-values 
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Example 

 The Talk-A-Lot Telephone Co. gathers 
data from 25 randomly selected 
customers. The length of time (in hours) 
each family spent on long distance calls 
on the July long weekend is gathered. 

 The raw data are as follows: 

 5.5, 4.1, 4.2, 6.5, 5.1, 2.4, 3.5, 4.7, 4.7, 3.5, 

5.9, 6.6, 3.1, 5.1, 2.7, 4.4, 5.7, 4.4, 6.8, 5.9, 
4.5, 5.5, 4.7, 4.9, 5.4 
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Example (continued) 

 Construct: 

1. A frequency distribution table 

2. A relative frequency distribution table 

3. A histogram 

4. A frequency polygon 

5. A cumulative frequency table 

6. An ogive of the data 
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Solution 

1. The frequency distribution table: 

Hours 2.0-2.9 3.0-3.9 4.0-4.9 5.0-5.9 6.0-6.9 

Frequency 

(families) 

2 3 9 8 3 
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2. The relative frequency distribution 

table: 

Hours 2.0-2.9 3.0-3.9 4.0-4.9 5.0-5.9 6.0-6.9 

Frequency 

(families) 

2 3 9 8 3 

Relative 

Frequency (%) 

8 12 36 32 12 



Copyright © 2005 Pearson Education Canada Inc. 22-234 

Solution (continued) 

3. The histogram: 

Frequency of Long Distance Calls by Hours
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Solution (continued) 

4. The frequency polygon: 

Frequency Polygon of Long Distance 

Calls in Hours
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Solution (continued) 

4. The cumulative frequency: 

Hours on Long  

Distance Calls 

Cumulative Frequency 

< 3 hours 2 

< 4 hours 5 

< 5 hours 14 

< 6 hours 22 

< 7 hours 25 
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Solution 

6. The ogive: 

F
re

q
u
e
n
c
y
 

 Class 

boundaries 
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20 

1 x 100 / 20 
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Now we know how to show data we want to find 

useful information from that data 
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Ch. 22.2: Measures of Central 

Tendency  

 Common values used to measure the 
location of the center of the 
distribution: 
 Median  

 Mean 

 Mode 

 



Copyright © 2005 Pearson Education Canada Inc. 22-243 

Median 

 The median is the middle number, 

that number for which there are as 

many above it as below it in the 

distribution. 

 If there is no middle number, the 

median is that number halfway 

between the two numbers nearest the 

middle of the distribution. 
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Example 1 

 Seven employee salaries were recorded (in 

$1000s): 28, 60, 26, 32, 30, 26, 29. 

 What is the median salary? 

 Steps: 

1. Sort the salaries. 

2. Locate the value in the middle. 

Odd number of observations: 26, 26, 28, 29, 30, 32, 60  

median 
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Example 2 

 A sample of 10 adults was asked to report the 

number of hours they spent on the internet 

the previous month. 

 The results in hours are as follows: 

  0   0   5   7   8    9   12   14   22   33 
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Solution 2 

 Steps: 

1. Sort the hours. 

1. Locate the value in the middle. 

0  0   5   7   8    9   12   14   22   33 

 We take the average of these values.  

 Median = (8 + 9)/2 = 8.5 

Even number of 

observations 
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This is the most popular and useful 

measure of central location 

Sum of all the values 

Number of values 
Mean = 

n

nn

fff

fxfxfx

x

xf
x














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2211

Arithmetic Mean 
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Example 3 

 From Example 2, calculate the mean 

internet usage of the 10 adults. 

 The number of hours are as follows: 

  0    7   12    5    33    14   8   0   9   22 

 Solution: 

0.11
10

22908143351270



x
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Mode 

 The value that appears most frequently. 

 There may be none, one or more than one. 
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Example 4 

 From Example 2, calculate the mode of the 

internet usage of the 10 adults. 

0  7   12   5   33    14   8   0   9   22 

 Answer:  

 Mode = 0. 

 When there are 2 modes, the data is said to 

be bimodal.  
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median is the middle number 
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https://www.khanacademy.org/math/probability/descriptive-

statistics/central_tendency/v/mean-median-and-mode 

Plus many other examples 

https://www.khanacademy.org/math/probability/descriptive-statistics/central_tendency/v/mean-median-and-mode
https://www.khanacademy.org/math/probability/descriptive-statistics/central_tendency/v/mean-median-and-mode
https://www.khanacademy.org/math/probability/descriptive-statistics/central_tendency/v/mean-median-and-mode
https://www.khanacademy.org/math/probability/descriptive-statistics/central_tendency/v/mean-median-and-mode
https://www.khanacademy.org/math/probability/descriptive-statistics/central_tendency/v/mean-median-and-mode
https://www.khanacademy.org/math/probability/descriptive-statistics/central_tendency/v/mean-median-and-mode
https://www.khanacademy.org/math/probability/descriptive-statistics/central_tendency/v/mean-median-and-mode
https://www.khanacademy.org/math/probability/descriptive-statistics/central_tendency/v/mean-median-and-mode
https://www.khanacademy.org/math/probability/descriptive-statistics/central_tendency/v/mean-median-and-mode
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If we have a large amount of data we may want to 

find how far a certain value is from the mean 
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Ch. 22.3: Standard Deviation  

 Terminology: 
 Population: the complete collection of 

values 

 Sample: a subset of the population 
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Standard Deviation  

 The standard deviation indicates the 
spread of the data around the mean. 

 The less spread in the data, the more 
reliable & descriptive it is. 
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Steps for Calculating Standard 

Deviation  

1. Find the arithmetic mean of the numbers of 
the set. 

2. Subtract the mean from each number of the 
set. 

3. Square these differences. 

4. Find the sum of these differences. 

5. Divide this sum by n – 1. 

6. Find the square root of this result. 
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Example  

 A sample of 10 adults was asked to report 

the number of hours they spent on the 

Internet the previous month. 

 The results are as follows: 

  0   0   5   7   8    9   12   14   22   33 

 Calculate the standard deviation, s, for this 

sample. 

 Recall the sample mean was 11.0. 
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sample mean was 11.0. 

 Steps: 

1. Find the arithmetic 
mean of the 
numbers of the set. 

0  -11 121 

0  -11 121 

5 -6 36 

7 -4 16 

8 -3 9 

9 -2 4 

12 1 1 

14 2 4 

22 11 121 

33 22 484 

x xx  2xx 

2. Subtract the mean 
from each number of 
the set. 

3. Square these 
differences. 
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Solution (continued)  

4. Find the sum of these 
differences. 9 1 7S u m

 
9

917

1

2






n

xx

1.10
9

917
s

5. Divide this sum by n – 1. 

6. Find the square root of 

this result. 

 
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The distribution of a large amount of data around the 

mean follows a pattern know as the normal 

distribution. 
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Ch. 22.4: Normal Distributions  

 The normal distribution curve is a 
frequency polygon for a very large 
population with its maximum frequency 
very near the mean and tapering off to 
smaller frequencies on either side. 
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Standard Normal Distribution  

 The standard normal 

distribution is the 

normal distribution 

for which the mean 

is 0 and the standard 

deviation, , is 1. 

 Standard Normal Curve

-4 -3 -2 -1 0 1 2 3 4

Z Score

2/2

2

1 xey 

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Characteristics of the 

Standard Normal Distribution 

1. The curve is symmetric about the y-axis. 

2. Since the mean is 0, the curve is 

symmetric about the mean. 

3. The x-axis is a horizontal asymptote. 

4. The total area under the curve is 1. 
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The Area Under the Curve 

 Within one 

standard 

deviation, , each 

way of the mean  

 68% of the data 

 Standard Normal Curve

-4 -3 -2 -1 0 1 2 3 4

Z Score

  
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The Area Under the Curve 

 Within two 

standard 

deviations, 2, 

each way of the 

mean  

 95% of the data 

 Standard Normal Curve

-4 -3 -2 -1 0 1 2 3 4

Z Score

2 2 
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The Area Under the Curve 

 Within three 

standard 

deviations, 3, 

each way of the 

mean  

 99.7% of the data 

 Standard Normal Curve

-4 -3 -2 -1 0 1 2 3 4

Z Score

3 3 



22-271 



22-272 

The Standard Normal Variable 

 The standard normal curve with 

  = mean = 0 and  = standard deviation = 1  

 x = the value on the x axis 

 The number of standard deviations away from the 

mean is called: 

 the z-score or the Standard Score.  






x
z
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The z-score 

 A value of z tells us the number of 

standard deviations the given value of x is 

above or below the mean. 
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Example 

 The mean water consumption for a 

community is 28.0 litres per week with 

standard deviation of 5.6 litres.   

 What is the probability that you will find 

one family that has water usage 

between 28.0 litres and 33.04 litres? 
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 The z-score represents the area under the 

normal distribution curve. 

 This will give us the probability that we are 

looking for. 

  For z = 0.9, the probability that one family will 
use between 33.04 & 28.0 litres of water in one 
week is 0.3159 or 31.6%. 

9.0
6.5

0.2804.33










x
z
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Sometimes we need to know how far our data 

is from the normal curve. 
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Standard Error of the Mean 

 We assume the data is normally 

distributed. 

 To determine the variation of the data 

from a normally distributed data set, we 

calculate the standard error of the mean. 

 

n
x


 

All possible 

samples of size 

n. 
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Standard Error of s 

 To determine the variation of the data 

from a normally distributed data set, we 

calculate the standard error of s. 

n
s

2


  All possible 

samples of size n. 

 As the sample size gets larger (i.e. > 30), 

the less variation there should be in the 

mean & standard deviation of the sample.  
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200 x 0.68 = 136 
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) 

X 
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Ch. 22.5: Statistical Process 

Control 

 Statistical Process Control (SPC) is 

employed in industry to maintain and 

improve quality of products and services. 

 No two products coming off an assembly line 

are exactly alike. 

 Samples are tested during the production 

process at specified intervals to determine 

whether the production process needs 

adjustment to meet quality requirements. 



Copyright © 2005 Pearson Education Canada Inc. 22-283 

 A process is in control if it is stable and 
predictable.  
 Measurements fall within upper & lower 

control limits. 

 A process is considered out of control if 

it has an unpredictable amount of 

variation. 

 Measurements fall outside the control limits 

due to special causes. 

Control 
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Control Charts 

 Used to show a trend of a production 

characteristic over time. 

 Samples are measured at specified 

intervals of time. 

 Measurements are plotted on a chart to 

check for trends and abnormalities in the 

production process. 
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Key Features of Control 

Charts 

 At a particular time in the production 

process, a sampling of measurements 

are taken. 

 For each time period, the mean and 

range of the samples can be calculated. 

 The range R of each sample is the 

difference between the highest value 

and the lowest value of the sample. 
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Upper control limit 

Lower control limit 

Centreline  

Key Features of Control Charts 

 When we know the process distribution 

mean & variance. 

Out of control 
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Terminology used in SPC 

 Variable: a characteristic that can be 

measured 

 Attribute: a characteristic that can be 

counted 

 To monitor an attribute in a production 

process we calculate the proportion of 

defective parts. 

 

 
 
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Mean 

 

Range 

 

 

 

 

 

Sum 

 

Means 

5 samples so n=5 
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Ch. 22.6: Linear Regression 

 We are finding the equation of a straight 

line that passes through a set of points. 

 Regression: fitting of a curve to a set of 

points. 

 Linear regression: fitting a set of points to 

a straight line. 

 Nonlinear regression: fitting a set of 

points to some other curve. 
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Linear Regression 

1. to express a concise relationship between 

variables, 

2. to use the equation to predict certain 

fundamental results, 

3. to determine the reliability of certain sets of 

data, 

4. to use the data for testing certain theoretical 

concepts. 
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Linear Regression 

 We are working with a set of at least 5 

or 6 points. 

 We cannot reasonably expect that a 

line will pass through all points exactly. 

The question is: 

Which straight line fits best? 
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Method of Least Squares 

 The sum of the squares of the 

deviations of all data points from the 

best line (in accordance with this 

method) has the least value possible. 

 Deviation: the difference between the y-

value of the line and the y-value for the 

point (of original data) for a particular 

value of x. 
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Method of Least Squares 

 The equation of the least-squares 

line: 

bmxy 
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 22 xxn
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Ch. 22.7: Nonlinear 

Regression 

 Nonlinear regression: fitting a set of 

points to some other curve. 

 From a plot of points, we may recognize 

a different type of curve. 

 We extend the method of least squares 

to these other curves. 
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Extending Linear Regression 

to Nonlinear Regression 

The least squares line in linear regression 

bmxy 

The least squares line in nonlinear regression 

   bxfmy 
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Using Nonlinear Regression 

Equations 

 We calculate the function first then 

deal with the problem as a least-

squares line to find the values of m 

and b. 

 Some functions are: 

 Quadratic: x2 

 Hyperbolic: x-1 (or 1/x) 

 Exponential: 10x 

 
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median is the middle number 

 
1

2






n

xx
s

Histogram 

 

 

 

 

 

Frequency  

Polygon 

bmxy 



22-307 


