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[ Course Topics

 Trigonometric functions.

* Vectors.

* Graphs of the trigonometric functions

* Solving systems of two linear
equations.

* Determinants.

 Statistics.
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Assessments

Weekly quizzes, weekly problem sets, midterm
examination, and final examination.

Grading policy:
Weekly Quizzes (20%)

Problem Sets (20%)
Midterm Exam (25%)
Final Exam (35%)

Total (100%)
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Chapter 4

The Trigonometric
Functions
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Learning Outcomes

At the end of this chapter the student will:
o Describe how angles are defined.

o Describe how the trigonometric functions are
defined.

o Determine the values for the trigonometric
functions for angles.

o Determine the angle when a trigonometric
ratio Is given.

o Apply concepts related to the trigonometric
ratios.
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1) Compute the unknown angle of right and oblique triangles applying law of sine and cosine
e1.1 Given aright triangle and a reference angle, IDENTIFY the following triangle

sides: Adjacent, Opposite, Hypotenuse.

e1.2 From memory, STATE the formulas for the following trigonometric functions: Sine,
Cosine, Tangent, Cosecant, Secant, and Cotangent.

¢1.3 Given aright triangle and a reference angle, the length of any side, and with an approved
calculator; SOLVE for the unknown angles of the triangle.

e1.4 Given aright triangle and a reference angle, the length of any side, and with an approved
calculator, SOLVE for the unknown angles and sides of the triangle.

¢1.5 Given atriangle other than a right angle triangle, a reference angle, the length of any side,
and with an approved calculator, SOLVE for the unknown angles and sides of the triangle.
¢1.6 Given aright triangle and the length of any two sides, SOLVE for the length of the third
side using the Pythagorean Theorem.
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[Ch. 4.1: Angles

An angle Is generated by rotating a ray
about its fixed endpoint from an initial
position to a terminal position.

The initial position Is called the initial side
of the angle, the terminal position is
called the terminal side, and the fixed
endpoint Is the vertex.
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Angles

Defining an angle:

Vertex

Initial side
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[Angles Formed by Rotation

Positive angles: counterclockwise rotation
Denoted by Greek letters.

Vertex

Initial side
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[Angles Formed by Rotation

Positive angles can also be written as
negative angles: clockwise rotation

Also, denoted by Greek letters.

Initial side
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[Angles Formed by Rotation

Write -75° as a positive angle

Initial side

a = 285°

-

The angles, o and
B, are called
coterminal angles
since they share the
same initial &
terminal sides.

360° - 75° =285°
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[Angle Conversions

360° = 2x radians = 1 revolution
1 degree = 60 minutes

1 minute = 60 seconds <; B 2600

sec in 1 deg.
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[Angle Conversions > Min to Degrees

Example 1:
Convert 65°25' to decimal degree form.

65°25'=65°+ 2—5: 65.42°

b0 Divide
w by 60.
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[Angle Conversions > Degrees to minutes ]

= Example #2
m Convert 32.459° to minute form.
YA
32.459° N ya
Multiply
=32°+0.459%x 60 % by 60. %

— - ' Z-——-'l r“—~—-§
= 32042634 PN
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[Convert 32.459° to
degree/minute/second form.

32.459°
=32°+0.459 x 60
=32°+26.34

= 32°26'+0.34 x 60
= 32°26'20.4"




[Angle Conversions .-lI

= There are 360° IN 27t rads in a
full circle.

= Multiply angle in T
degrees to find rads by: 180

= Multiply angle in 180
rads to find degrees by: &
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[Standard Position of an Angle

If the Initial side of the angle is the positive x-
axis, and the vertex is the origin, the angle is
said to be In standard position.

y-axis
0

X-axis
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[Standard Position of an Angle

The terminal side of an angle is uniquely
determined by knowing that it passes
through the point (X, y).

(X, y

y-axis

X-axis
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? [ Ex 4.1 q 9-15 & 17-20

In Exercises 9-16, determine one positive and one negative cotermi-
nal angle for each angle given.

9. 45° 10. 73°

11. —150° 12, 462°
13. 70°30' 14. 153°47’
15, 278.1° 16. —197.6°

In Exercises 17-20, by means of the definition of a radian, change the
given angles in radians to equal angles expressed in degrees to the

nearest 0.01°,
17. 0.265 rad 18. 0.838 rad
19. 1.447 rad 20, —3.642rad

17. To change 0.2635 rad to degrees multiply by 180

&
Fa

9. positive: 43 +360 =405 0.265 rau[

negative: 45 —360 =-1315

180
morad

]zlﬁ.lf{

A
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9.

1.

11.

12.

13.

14.

15.

positive: 45 + 360 =405
negative: 45 —360 =-315

73 43160 =433
73 —360 =287

—150° + 360" =210
—150° =360 =510

462 +360° =822
462 - 2(360 | = 258

positive: 70 30"+ 360 = 430 30’
negative: 70 30"—360 = -289 30

15347 +360 =51347
15347 = =360 ==20617%

2781 +360 =638.1
2781 =360 =-81.9

A

17.

18.

19,

20.
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To change (.265 rad to degrees multiply by @ .

&

0.265 rzu:l[ 150 Jz].‘i.lf{
mrad

To change 0,838 rad to degrees multiply by
180" / 7., which gives 48.01; 0.0838 rad = 8291

To change 1.447 rad to degrees multiply by 180 / 1,
which gives 82.91; 1.447 rad =82.91

To change —3.642 rad to degrees multiply by

180" /&, which gives —208.67; —3.642 rad
= -208.67
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Ch. 4.2: Defining the
[Trigonometric Functions

The value of using trigonometric
functions lies in an understanding of
properties of similar triangles.

Properties of Similar Triangles:
Corresponding angles are equal.
Corresponding sides are proportional.
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[Properties of Similar Triangles

The corresponding sides are the sides,
one In each triangle, that are between
the same pair of equal corresponding
angles.
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[Properties of Similar Triangles

From

this definition of corresponding

angles, we can determine that:
the ratio of one side to another side In
one triangle is the same as the ratio of the

corres
We a

ponding sides In the other triangle.

oply this concept to our

understanding of trigonometry.
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Determining the
[ Trigonometric Ratios

Regardless
how far p is
away from £ A,
the size of the
angle will never
change.

/A

X

Therefore, the ratio between the lengths of

the sides will never change.

Copyright © 2005 Pearson Education Canada Inc.
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Determining the
[ Trigonometric Ratios

We label the
right triangle
as:

/A y

The trigonometric ratios are defined as
follows: | >
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[The Trigonometric Functions ]

2 SineofB:sm@ = Y m Cosecant of O:cscé = L
% y

= Cosine of 6: cosf=2 g Secant of 6: secd L
I’ X

= Tangent of 6: tan?d :1; = Cotangent of 0:cot8 = -
V

#
¥
r
..F
| Coopyright © 2005 Pearson Education Canada Inc. 4-2
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Evaluating the Trigonometric
[Funcﬂons

The values of a trigonometric function
are dependent on:

o The ratios of the sides
o The Pythagorean Theorem

/

l}!
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[Example

Find the values of the trigonometric
functions of the angle whose terminal
side passes through (8.5, 3.2).

sin A = 3.2/9.08 = 0.352

csc A=1/0.352 = 2.838

0% .  Cc0sA=85/9.08=0.936
- 432 sec A=1/0.936 =1.068

8.5 tan A =3.2/8.5=0.376
cot A =1/0.376 = 2.656 3

Copyright © 2005 Pearson Education Canada Inc. 4-28



cscA=1/sin A
? sec A= 1/cos A
cotA=1/tan A

Ex 4.2 q 17-19 & 29-32

12
17. cos f=—=x=12 and r =13 with & in QL . ) 3 .’4‘-,-'
13 29. sin’ #+cos” =] J H <]
Frex =169 =1dd+ )" =y =25 i
9 16
v = & = — =
_ . F=s 25 25
- j .- Fa ‘JI.
sin@=2=" coto="="2 ¥ - 25
roo 13 v 5 y _E_l

/A .
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y ‘Excn::'ses 17-24, find the values of the indicated functions. In Exer-
cises 17-20, give answers in exact form. In Exercises 21-24, the val-

ues are approximate.

17. Given cos @ = 12/13, find sin 6 and cot 6.
18. Given sin8 = 1/2, find cos 8 and csc 6.
19. Given tan 6 = 2, find sin 6 and sec ¢

In Exercises 29-36, answer the given questions.

29, If tan & = 3/4, what is the value of sin® 8 + cos® 8?7
[sin® @ = (sin8)?)

30. If sin® = 2/3, what is the value of sec*# — tan” 8?

31. If y = sin#®, what is cos @ in terms of y?

32. If x = cos 0, what is tan # in terms of x7
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18.

19,

12
. COs ﬂ':l—:-.r:IZ and » =13 with & in QL

P=xt 4y = 160= 144+ = 7 =25

y=>3
; X 12
sin{?:i:i1m[.ﬁ':l:—_
Foo13 o5
sinﬁ':l:—’
2 r
r’=;:'3+_L"',21=:J+I,.r"=3;x=:tu'§
3
cusﬁ"=£=£ﬁ:ra¢ut:ﬁ"
F 2
ro 2
cs:ﬁ=—=7=2fnra:uteﬁ
¥
v
l:anﬁ"=2='—_

=

Py =142 =5 =5

sin & = L i for acute &
ro4J5
sec # = f =£=u"§ for acute &

x 1

/A .
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. 1
29. sin® 0+ cos” {?z[gJ +(i1

\5)
=2 18
25 25
2
25
v 2
3. ‘Elﬁ{?:'—:E::-_]s:E =3
-
_1-=‘I'|rr —'I-J='l|lll:'|-!—21 =1.|IE
qecﬂ':——i tanﬂ:i':i
Lt 3 X ,,E
3 37 2
qﬁ:-—tﬂﬂ'{?:{_' _[_ =1
) 145

M., osinf=Lcy=r=]




Ch. 4.3: Values of the
[Trigonometric Functions

If given a point on the plane, we can
determine the trigonometric ratios of the
angle made by the terminal side defined

by that same point.

There are some angles whose
trigonometric values you should be

familiar with.
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Ch. 4.3: Values of the
[Trigonometric Functions

Using our understanding of the 30°-60°-
90° triangle and the 45°-45°-90° triangle,
trigonometric ratios can be readily
determined.

Scale drawings of these triangles are
used to calculate these ratios.

It is helpful to be familiar with these
values as they commonly occur.
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Values of the Trigonometric

[Funcﬂons

The 30°-60°-90° triangle:

The 45°-45°-90° triangle:

2 60°
30° 90°
V3
45°
V2 1
45° 90°

LS




Finding Unknown Angles ==

= We determine the unknown angles
using the inverse trigonometric keys of
the calculator.

= | he notation used for the ratios is:
1) 1 X -1y
0 =sin T — O —cos = O=tan =
7 A X

= Another commonly used notation is
arcsin, arccos and arctan.
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Finding Unknown Angles

If sin A =0.496 then A =sin1 0.496

Before you begin, do you want the
angle in degrees? If so, make sure your

calculator i1s on deqree mode!
A = sin? 0.496

* To change the settings for the number of decimal places,
the number of significant digits, or the exponential dis-
play format, press the key a number of times until
you reach the setup screen shown below.

Fix Sci Norm

1 2 3 =




0.

?

Ex 4.3 g 9-12 & 25-28

sin22.4 =0.381

s1nt2Z. 42
i

381

25, cosd =10.3261
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9. sin22.4 =0381

SintZ22. 499
. 381
|
10. cos72.5 =0.301
lcos(72.5)
. 3BB7057995
. 381
11. tan57.6 =1.58
tani(or.6)
1.57574786
1.58
m
12, sin36.0 =0.588
£in(56,0)
. S87 7852523
. D28

A

pyright © 2005 Pearson Education Canada

25.

26.

27. simé@=09]14

28.

cosi =10.326]

tan & = 2470
@ =K/797

tan (2,478
- 99

2
67 . 95982767
67. 96

cosfl = 0.0427
=876

[cos(B,.B427)
87.92272615
g7.6
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[Ch. 4.4: The Right Triangle

We can generalize the definitions of the
trigonometric functions by naming the
sides of a right angle triangle.

B

x@““se

Side opposite A
0
wb

A

Side adjacent A
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[The Trigonometric Functions ]

side opposite A

= Sine of & sm 6 =
hypotenuse

side adjacent A

= Cosineof & cost =
hypotenuse

side opposite 4

tan @ =
= Tangent of &, side adjacent A

>

SOH CAH TOA .




[The Reciprocal Functions

hypotenuse

= Cosecantof ¢ cscb =— .
side opposite 4

hypoteniise

= Secantof &  sect = — _
side adjacent 4

side adjacent 4

= Cotangent of @& cotf = — _
side opposite 4
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Procedure for Solving a Right
[Triangle

Sketch a right triangle and label the
known and unknown sides and angles.

Express each of the 3 unknown parts Iin
terms of the known parts and solve for
the unknown parts.

Check the results.
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Procedure for Solving a Right
[Triangle

The sum of the angles should be 180°.

If only one side Is given, check the
computed side with the Pythagorean
Theorem.

If 2 sides are given, check the angles
and computed side by using
appropriate trigonometric functions.
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?
Ex 4.4 q 9-11 & 33-36

6700

9, sin 77.8 = —— == ¢ = 6850
. . 3.92 3.92
‘ 33, sinhl7 = —=r=———=445
FE=090 -T778% =122 x sin 61.7
- 6700
tan 77.8 =T::v.l"r=lc15lil
B
b a
A C
b
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r

9.

10.

BTO0
.
LB=90"-778 =122

G
—_— =

sin 77.8° = = ¢ = 6850

tan 77.8" = b =1450

B=900 -184 =716

. a
sind=—
C

A

a=c&nd= ﬂ-[]?.‘il"?{sin 1 H.4'] = (LO2E3

h
cos d=—
C

b=c(cos A) = 0.0897(cos 184" ) = 00851

. b =4345 <1507 =311
: a 150
snd=—=——

o 345
A =3in"[EJ= 158
345
cos B=2-130_ 435
o 345
H=:m'][ﬁ}=ﬁ4.2'
345

b C

33, sin 61.7 =E:‘a = ,35‘1
x g 61,7
3. an 4 :E
36.3
A= tnn"["}—j]=2$.5“
363
15 cos A= 06673
0.8742
4= .-|[D.ﬁ'|573]=dﬂ
(0.8742
36, sin 22.45 = =
7265
¥ =T7265 sin 22.45
=2774

Copyright © 2005 Pearson Education Canada Inc.
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Ch. 4.5: Applications of Right
[Triangles

Situations where a right angle exists are
easlily solved using trigonometry.

Here we introduce the ideas of:
o the angle of depression, and,
o the angle of elevation.
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[Angle of Elevation

The angle between the line of sight (line
joining the eye of an object) & the
horizontal plane with the object ABOVE
the horizontal plane.

A Worm'’s View
. Looking Up!
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[Angle of Depression

The angle between the line of sight (line
joining the eye of an object) & the
horizontal plane with the object BELOW
the horizontal plane.

. A Bird’s View

N Looking Down!

~
N
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[Working with Angle of Depression

In the diagram below, an observer on top of
building A (293 m high) measures the angle of
depression to the bottom of B as 62.6°. How

far away Is building B?
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[Working with Angle of Depression

We sketch out a diagram labelling all the
pertinent information.

.\.62'60

S

Notice where we
measure 62.6°.

293 m

NN\
/
/
/

’ O
/
SRy
> auunmn
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[Working with Angle of Depression

If we remove the buildings, a right angle
triangle has been created.

We solve for
‘N distance having
. identified the
‘N appropriate
‘o trigonometric
’ ratio.

293 m
/
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[Working with Angle of Depression

If we remove the buildings, a right angle
triangle has been created.

We solve for

.

‘N distance having
A identified the
= ‘N appropriate
g‘: R trigonometric
o

'~ ratio.
Distance? 2.6°V.
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[Working with Angle of Depression

Therefore, the buildings m

apart.

[
Z
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Ex 4.5 q 6-9 & 17-20

f. sin 130 _i

L]
L

1.25 17. S=tﬁn';gl=
h=1.25sm 130 =028l m
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A

17. #=tan' — =34
P 100
. Sinlﬁ.ﬂ':?
25 ] B
. 360 i 3
h=125sm130 =028l m 18. —— =45 50 — =225
¥ sides
. 0375
i sin22.5=
. 15.uﬁ-"f;t“'=3m in.,9=mn-'f'§§=n.4” .
b |
x=—233 49709
sin 22.5
tem.af_ﬂ 2y =19 m
1260
L 4630 . 675 {65750
A=tan”' | —— |=20.2 e e
[IE-E:EI,' 19, tan o= i DiF = tan” L 5J 234
. 196.0 .
. cos 76.67 = 20, sin 2007 =
h 12.5
ﬁ=_JEEET=Eﬂ“¢m A=125sm 200 =43 fi
cos 76.67 Height of the light above the street:

43+280=3231
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Summary below
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—nRay

M2 W1 Ch4 |

Side opposite A

Vertex >
Initial side
Coterminal
Positive = 6 + 360
Negative = 6 - 360 Pythagoras
yi
’ y
360° in 2wt rads
ZA X .

= Sine of 8- sm@=2 = Cosecant of Q:cscé :1__

Elevationy AWorms Vew cscA=1/sinA

- rookina (¥ sec A =1/cos A

- : ) cot A= 1/tan A

Side adjacent A

SOH CAH TOA
S=0/H, C=A/H, T=0/A

A Bird’s View
Looking Down!

[

~ 9
L]
~
.

~
Y

Depression 458



Ch. 5.4: Solving Systems of Linear
Equations in Two Unknowns
Algebraically

Systems of linear equations can be
solved algebraically to obtain exact
solutions.

These techniques include:
o Solution by Substitution
o Solution by Addition or Subtraction
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Solution of Two Linear Equations by
Substitution

Solve one equation for one of the unknowns.

Substitute this solution into the other equation
to obtain a linear equation in one unknown.

Solve the resulting equation for the value of
the unknown it contains.

Substitute this value into the equation of step
1 and solve for the other unknown.

Check the values in both original equations.
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[Example 1

Solve the following system of linear
equations in two unknowns by

substitution.
ﬂ4x+3y:18
2x+5y:13

>
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14x+3y:18 N

Solution 1 lx+5y=13
Solve one equation
for one of the
unknowns. X =13-5y
Substitute this
solution into the ~_

other equation to 4(]_3—5y)-|- 3y =18

obtain a linear
equation in one

unknown.
>
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laxi3y-18
) x+5y=13

[Solution 1 (continued)

Solve the resulting
equation for the value
of the unknown it
contains.

Substitute this value X+5y =13
Into the equation of
step 1 and solve for X+5(2) =13

the other unknown. @

Answer: (3, 2)
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laxe3yo1s

[Solution 1 (continued) L x+5y=13

Check the values in both original equations.

| 4x+3y:-18 ) x+5y=13
4(3)+3(2) - 18 3+5(2) =13
12+6 18 13¥13
1818

The solution checks in both equations.
This is an independent system of linear equations.
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ANOTHER METHOD
Solution of Two Linear Equations by
Addition or Subtraction

If not already so, write the equations in
the form ax+by=c,

If necessary, multiply all terms of each
eguation by a constant chosen so that
the coefficients of one unknown will be
numerically the same in both equations.
(They can have the same or different
signs.) —>
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Solution of Two Linear Equations by
Addition or Subtraction (continued)

(a) If the numerically equal coefficients
have different signs, add the terms on
each side of the resulting equations.

(b) If the numerically equal coefficients
have the same sign, subtract the terms
on each side of the resulting equations.

Solve the resulting linear equation in the
other unknown. —
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Solution of Two Linear Equations by
Addition or Subtraction (continued)

Substitute this value into one of the
original equations to find the value of the
other unknown.

Check by substituting both values into
both original equations.
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[Example 2

Solve the following system of linear
equations in two unknowns by
addition or subtraction.

ﬂ2x+7y:5
] 3x+8y =20

>

Copyright © 2005 Pearson Education Canada Inc. 5-68



12x4+7y=5
) 3x+8y =20

[Solution 2

We note the equations 92y 4 7 Y = 5
are in the correct

form. 3x+8y =20

Multiply Equation 1 by 3 X + 21y — 15
and Equation 2 by 2 to
give the same firstterm. ~ 6X+16Yy =40

>
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[Solution 2 (continued)

Since the signs of the
15t term are the same,
we subtract each
term.

Solve the resulting
linear equation in the
other unknown.

Copyright © 2005 Pearson

12x47y=5

) 3x+8y =20
6x+21y =15
-bx-16y =-40
Dy = -25
y = -5
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12x47y=5
) 3x+8y =20

[Solution 2 (continued)

Substituting into B)_
Equation 1 to find x. ZX. 57(5)_ S
Checking in both

equations, the answer

IS: (20, -5)
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[Summary

Be sure the systems of linear equations
are in general form.

If not, they must be rearranged into that
form.

Always check your work by substituting
your answers into the original equations.
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?

[n Exercises 5—14, solve the given systems of equations by the method
of elimination by substitution.

®;=}I+3 6. x=2y+1
o=y = 3 2x -3y =4
T.p=V -4 8. y=2x+10
V+p=10 2x+y= -1
(@)x +y=-5 10. 3x + y = |
x=y=12 3xr = 2y = 16
1. 2x + 3y =T 12. 25 + 2r = |

EX 5 4 p1 51 (13 31:_+y1;1 14. :,:;2;32”—1

5,9,13
15,19,23

40y = 9x + 11 5A = —6B — |

In Exercises 153-24, solve the given systems of equations by the
method of elimination by addition or subtraction,

1. x + 2y = 5§ 16. x +3y =7
x=12y=] Zx +3y =5
17. 2x — 3y = 4 18. R = 4r =17
Ix +y = =4 AR +4r =3
19. 12t + 9y = 14 W 3xr—y=3
6t = Ty — 16 dxr =3y + 14
A v+ =7 22. Ir —y =5
o+ dr=9 =8z + Iy = —15
B lx-y-4=0 24, 3 + 5= —di,

Ir+2m2y 3y = Siy - 2



5 (1) x=y43
2y x-2y=5
(¥+3)-2p=5  substitwe ¥ from (1) into (2)
_'P=?
y==2 substitute -2 fory in (1)
¥=-1+3=]

9 (NDx+y=-5 y==-x=5

{2) 2x-p=2
2x—(-x—-3)=2  substitute y from (1) into (2)
dx=-3
x=-|
-1+ y=-5 substitute -1 forx in (1)
p=—d

13. (1) 33-J:+I_1r=34::~_5----§x+]?
(2) 40y =9x+1]
33 , .
40 —?:HIT =81 +11 substitute y from (1) m{2)

—Oilx + 680 =95 +1 1
—hir = —HH%

23.

(- 3—, - —r") 18 the solution.

15. x+2y=5
x=1y=|
2x=06
19. (1) 12049y =14= 121+ 9y =14
x=3 (2) 6= Ty-16= —12 414y =132 add
I+2y=5 23y - 46
1_]-'= 2 p=2
y=1; [3, |} 124 +9(2) = 14 substitute 2 fory in (1)
12¢ = =4
p=mi
3
(1) 2r-3y-4= 0
(2) $c42= 2y put (1) in standard form
(3) 2r-3y= 4 recopy (2)
(4) 3r -2 =-2 put(2) in standard form
(5) 6z -9 = 12 (3) multiplied by 3
(6) —br+dy= 4  (4) multiplied by -2
~by = 16
16
y=—%
o
16
o () BT 3(-?) G
e = 2 R %
14 16
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Ch. 5.5: Solving Systems of Linear
Equations in Two Unknowns by
Determinants

To solve a system of linear equations
algebraically has involved working with
the variables, x & .

When working with determinants, we
eliminate the use of x & y and work
simply with the coefficients and constant,
C.
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|

Solving Systems of Linear Equations in

Two Unknowns by Determinants

Given: &X+by=¢

MUST set up
equations like
this

The solution for x & y can be shown to be:

X =

c,b, = Cyly

a.h, —a,h

N

y:

d;Cy, —ayCy

b, —a,b

Determinant of the 2" order

Copyright © 2005 Pearson Education Canada Inc.
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Definition of the Determinant of the N
Second Order

ax+by=c

a,x+b,y=c,

a; by
d, D

roOws

b, —a,h

Principal - Secondary
columns | diagonal diagonal

Copyright © 2005 Pearson Education Canada Inc. 5-77



ax+by=c

a,x+b,y=c,

[Cramer’s Rule

According to Cramer’s Rule, we can
solve for x in the original equation by
setting up the following equation:

c, b = Notice, that the denominator is
c b the determinant.
X = 2 2
a, b
a, b,
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ax+by=c

a,x+b,y=c,

Cramer’s Rule

= To calculate the value of y, we can use:

a, C;| = The value of x can also be

a, C, simply substituted into an
'Tla, b]|  equation.

a2 b2

= The denominator remains
the same.
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a,b, —a, by

[Cramer’s Rule
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Solve the following system of equations by determinants. Numbers are approximate.

EXAMPLE 4 Solving a system using Cramer’s rule 1 _|

53x + 72y = 45
32x - 69y = 5.7 a, b

L

2

o
|

constants >§)
v a, D

45 72 |
57 —-69| 4.5(-69) — 5.7(7.2) _=T7209 _
53 7.2 53(—-69) — 32(72) -596l

X = 1.2

coefficients ——+

32 —69
l——conshonts
|5.3 4.5'
_ (32 57| 53(57) —32(45) _ 1581 _ _
. 7715, 7.2‘ ~59.61 = Z5961
coefficionts ———»
32 —69

The calculations can all be done on a calculator, using the following procedure:
(1) Evaluate the denominator and store this value; (2) divide the value of each numerator
by the value of the denominator, storing the values of x and y; (3) use the stored values of
x and y to check the solution: (4) round off results (if the numbers are approximate).
For this system, we store the value of the denominator, D = —59.61, in order to
calculate x and y, stored as X and Y. The check is shown in the calculator display in
Fig. 5.33. a 5-81




? Ex5.5p157
17, 21, 25

In. ises 17-26, solve the given systems of equations by determi-
nants. (These are the same as those for Exercises 15-24 of Section 5.4.)

.x+2y=5 18. x +3y =7
x—2y=1 x+3y=5

9. 2x — 3y = 4 20. R — 4r =17

pex+y=—4 3R +4r =3

‘!‘-:2_1+9y=l4 22. 2x +y=4

6t =Ty — 16 19x = 80 — 10y

B.v+2t =7 24.3x —y=5

-j:,+4:=-9 ~9x + 3y = —15

'_°-3y—4==0 26. 3i, + 5 = -4,

+ 2 = 2y 3iz oo 51'1—2




17,

A

4+ 3p=2=50
:r—'.iy =1
L 2
._.E=| I | _ (B)(=2) — (1)(2)
| 1 2 | (1)(—2) — (1)(2)
1 -2
Bt
—-2—-2
1 &6
- l_i__‘ | _ (L)1) = {1)(5)
=o il o —1
1—05

21. Hewrite the eystom with both equations in stan-

clard fori,
122 4 Oy = 14
f — Ty = —16
14 o
-G =T 46 1
‘|m EI_ 1as 3"
6 -7
12 14
6 —16 —2TB
¥= : 2

—138  ~1as

26. —3 Rewrite the systom with both equations in
standard form.

2r — Jy = 4
-2y =-2
45 3
-2 =2
:i'.=—-—h—--—-——=—2-ﬂ-=—E
|2 -3 5
3 -2
5 5|
3 =2

| ' h 5-83



M2 = Be sure the systems of linear equations
Ch5.4& are In general form.
55 = |f not, they must be rearranged into that

form.
3 Methods = Always check your work by substituting
. Solution by your answers Into the original equations.
Substitution
* Solution by [Cramer’s Rule J
Addition or
Subtraction ax+by=c
 Cramer's Rule o b ayx+b,y=c, o
e b ] e
T a, b I a, b
a, b a, b
a; b




Chapter 8

Trigonometric Functions
of Any Angle

Copyright © 2005 Pearson Education Canada Inc.
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Learning Outcomes

At the end of this chapter the student will:

o Determine the values of the trigonometric
functions for angles in any quadrant of the
Cartesian plane.

o Calculate angles in radians

o Apply the concept of radian measure when
calculating arc length, area of a sector of a
circle and angular velocity.
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Ch. 8.1: Signs of the
[Trigonometric Functions

Previously calculated for acute angles.
Now we need methods to solve:

O

O
O
O

obtuse angles,
negative angles,
angles greater than one revolution, and,

angles with terminal sides on the coordinate
axis.
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[I\/Iapping the Cartesian (xy) plane. ]

y-axis |
Quadrant I Quadrant |
(-, +) C \(’“, +)
x—a;is
Quadrant III Quadrant IV
(=) -) (+, -)
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[An Angle In QI

y-axis f
Quadrant Il\lgg\Quadrant I
: X-axis
Quadrant Il Quadrant IV
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[An Angle in QlIl

y-axis 1

Quadrant Il Quadrant |

245}/ x—a;is

Quadrant Il Quadrant IV
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[An Angle in QIV

y-axis |

Quadrant Il Quadrant |

Quadrant Ill Quadrant IV
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The CAST Rule

y-axis
QII ‘ QI
. All trig

gllrwlz/tit:: iglne functions are

. positive.
positive.
QIII QIV
Only the Only the
Tangent Cosine
function is function is
positive. ‘ positive.

Copyright © 2005 Pearson Education Canada Inc.
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Useful relationships

cscld=——
sin
| cos’@+sin*0=1
secH =
cos6 1+ tan® @ = sec’* 6
]
cotl =
tan6 1+ cot*8=csc* @
0 = sinf
cosf
)
cotf = C?S
sin@
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Summary

We can use our calculator to find the
trigonometric functions of an angle in any
quadrant.

Angles found in QlI, Qlll and QIV have
corresponding reference angles.

The CAST Rule will identify the sign of
any trigonometric function.

csc(B) = 1/sin(0) sec(B) = 1/cos(8) cot(B8) = 1/tan(8)
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Ex 8.1 3-6 & 29-32

. sin 36 is positive since 36 is in QI where sine
15 positive,

cos 120 is negative since 1207 is in QII where
COSINE 15 negative.

y-axis

QII

Only the Sine
function is
positive.

ML tan & 18 positive and cos ¢ 15 negative
tan & 15 positive in Q1 and Q111
cos & 1s negative in QII and QI The
terminal side of @ must lie i QI to
meet both conditions,

QI

All trig
functions are
positive.

s x-axIs

QIII

Only the
Tangent
function is
positive.

QIV

Only the
Cosine
function is
positive.
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=

. sin 36 is positive since 36 is in QI where sine
i positive,

cos 1207 is negative since 120" is in QI where
COSINE 15 neganve.

. tanm 320 is negative since 3207 is in QIV, where
tan & 1s negative.
sec 185 is negative since 185 is in QIII, where
sec & is negative.

. csc 98 is positive since 98 is in QII, where
csc & 15 positive.
cot 82 is positive since 82 is in QI, where

cot & 1s positive.

. cos 260 is negative since 260 is in QIII, where
cos & 15 negative,
csc 290 is negative since 290" is in QIV, where

cse & 15 negative,

A

30, tan & is positive and cos @ is negative
tan & 1s positive in Q1 and Q111
cos & 15 negative in QI and QUL The
terminal side of & must lie in QI to
meet both conditions.

3. sec & 1s negative and cot & 1s negative
sec & 15 negative in QI and QI
cot @ is negative in QIT and QTV.

The terminal side of # must lie in QI to

meet both conditions.

32. cos & 15 positive and csc @ is negative
cos & 15 positive in QI and QIV.

csc & 15 negative in QI and QIV. The

terminal side of & must lie in QIV to
meet both conditions,

Copyright © 2005 Pearson Education Canada Inc.
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Ch. 8.2: Trigonometric
[Functions of Any Angle

Given an angle in any gquadrant, we can
determine the trigonometric functions of
that angle.

Given the trigonometric function(s), we
can determine the angle in any quadrant.

When determining the angle in any
guadrant, we need to make use of the
reference angle.
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[Reference Angles

y-axis 1

X-axis

The reference angle, a, of a given angle is
the acute angle formed by the terminal side
of the angle and the x-axis.
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[Reference Angles

The general formula for finding the
reference angle is:

F(A,)=+F(180°-0,)=+F(a)

The sign used depends on the sign of
the function in the second guadrant.

F represents any trigonometric function

Copyright © 2005 Pearson Education Canada Inc.
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[Example

y-axis 1

o= 450 X-axXis

Angle 45° is the reference angle to 135°.

F(6,)

+F(180°-6,)=+F(a)
F(45) = +

F(180°-135°)= +F(a)

Copyright © 2005 Pearson Education Canada Inc



Steps to Finding Trig Values In
[any Quadrant

Plot the given point.

|dentify the reference angle & label the sides
accordingly.

Find the reference angle using tan.

Add the appropriate degrees to obtain the
angle looking for.

Either use the calculator to find the trig
functions or use the given information. You may
have to find the hypotenuse using

r:Jﬁ+y2
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[Finding the Reference Angle

The required angle @is found by
using the reference angle as shown:

/m/

6=180° - o (Q I)
6=180° + a (Q IlI)
6=1360° - o (Q IV)

/\/

Copyright © 2005 Pearson Education Canada Inc.
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[The Quadrantal Angles

These angles are represented by the x
and y axes.

They are 0°, 90°, 180°, 270° and 360°.

Thelr terminal side lies on a coordinate
axis.
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Negative Angles

(x, v)

To find the values of the i
functions of negative angles, we I .
can use functions of | iRl
corresponding positive angles, if an .
we use the correct sign.
sin (- 9 )= - sin @ cos(-6)=cosd
ese(- )= - csc sec(-6)=sech
tan(- 6 ) = - tan @ o
cot(-6)=-coth

csc(0) = 1/sin(0) sec(0) = 1/cos(6)

cot(0) = 1/tan(6)



2 y-axis

QII Q1
Only the Sine ?" trig
function is un(_:t_mns are
. positive positive.
Ex 8.2 questions 5-8, 41-44 : . x-axis

QIII QrLv
Only the Only the
Tangent Cosine

5. sin 160° = si 'IH{'- IﬁD':I = sin 20" function is function is

<. 5l = 5in 1 - ) =5 positive. , positive.

cos 220" =cos (180" +40" | = —cos 40

| 6= a (Ql)\d
41 sin @ =-0.5736; 6, =sin" (~0.5736) = —35

Since cos @ = 0, & is in QIV. 6=180"-a (QI)
0 =325 + k%360 where k =0, £1, £2, - g=180" + a (Q III)
tan &' = —{). 7003 9 — 3600 - (Q IV)

=30

Copyright © 2005 Pearson Education Canada Inc. 8-107
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. tan 91" =—tan (180" —91" | = —tan 89"
sec 345" =sec (360" —345 ) =sec 15

. tan 105" =—tan (180" —105 | = —tan 75’
esc 302" = —csc (360" 302" ) = —csc 58

. cos 190

cot 290

—cos (190" ~180") = —cos 10°
~cot (360" ~290" ) = —cot 70

42.

44,

cos & is positive, so @ is in Qlor QIV. tan @ is
negative, so @ isin Qllor QIV, @15 in QIV.
cos @ =0422;,0,, =65.0 ;0 =360 -65.0

= 295.0°

sin 295.0° = -0.907

tan & is negative, s0 @ is in Qll or QIV. ¢sc & is
positive, so @ 15 in Qlor QI @3 in QIL

tan & =-0.809; @, =39.0°; 6 =180 -39.0°

= 1410

cos 141.0° = -0.777

sec (15 positive, so @ is in Ql or QIV. sin @ is
negative, so @ is m QU or QIV. @ is in QIV,
sec 0 =6.122; 0, =806, @ =360 -80.6°
=2794

cot 2794° = —0.1655
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Ch. 8.3: Radians

Procedure for Converting Angle
Measurements

o To convert an angle measured in degrees to
the same angle measured in radians, multiply
the number of degrees by =t rads/180°.

o To convert an angle measured in radians to
the same angle measured in degrees,
multiply the number of radians by 180°/r rads.

3
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Ex 8.3 q5-8, 37-39

5. 15 =——(15) ==

“1800 12

. 5
150" = ——(150) = 2=
180 6

37. sin E:siu [EJ[@] =sin 45 =0.7071
4 4 i
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[

° /4
|80( )

12
|50’=——-(|50) 2%
6 At (i3) X
180 /7180 15
5 i (DS e O
180 180 4
7. 5 =..__( )_15£=5”
180 180 12
230’ = % (330)_330n 1
180 180 6
& 36wl (i)t E
180 180 5
3|5°=-—(315):?_‘_5’£=2’_
180 180 4

(EH =sin45 =0.7071
T

- (EE)] =cos 30 =0.8660
i

(E](I—%ﬂ) =tan 75 =3.732
12 T
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Ch. 8.4: Applications of
[Radian Measure

In these applications, the angle that is
used iIs In radians.

Be sure to convert any angle in degrees
Into radians before using these formulas.

o Arc Length
o Area of a Sector of a Circle

o Angular Velocity
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[Arc Length

The length of an arc on a circle is
proportional to the central angle.

S = 0r

The length of arc of a complete circle is
the circumference.

@ must be in
S =21r radians.

—Z—
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[Area of a Sector of a Circle

The area of a sector of a circle Is
proportional to its central angle.

6 must be In B
radians. AS@CtOV r [ j Q |
N gj

%.«

"-.
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[Angular Velocity

The relationship between the linear
velocity v and the angular velocity o of
an object moving around a circle of
radius r Is represented as:

V=0l

® IS measured In -
radians per unit of

— time.

Copyright © 2005 Pearson Education Canada Inc.
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?

Ex 8.4 g5-8, q 30-31

T

5. s =r§={3.3ﬂ}( :

) =3.46 in.

30, v=\2gh=/2(9.80)(4.80) = wr

=1

9, 4.80
_Y JQ{ E{]}( —} =(.703 rad/s
¥ 13.8

(i
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[

. s=rf= (3.31:1)(%) ~3.46 in.
. §=0r=2,65(212)=56.2 cm

0= 135(i] ~2.37 rad
180

s 1010

0 237

=426 mm

0= ?3,51(i) — 1285 rad
180

p=3 03856 o680t
0 1285
A= %aﬁ . %(1,135 )(0.2689)°

30, v=\2gh=/2(9.80)(4.80) = or

v 2(9:80)(4.80)

0] =0.703 rad/s
, 13.8
,. 755 1
31. 6‘:?5.5[ ”,J= ToA=—0r
180 180 2

1 = J]—;—!+2.5ﬂ =8.10m; r, =5.60 m

1 [75.51

](3.1-1::2 —5.6{}1) =22.6 m’
21 180

I 2

=0.0465 ft’
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v-axis !
Quadrant || Quadrant |
(_1 +} \(-l-: +)
x—mzis
Quadrant Il| Quadrant IV
{-1 -) (+: -]
yv-axis
S
x—azzis

cscl=——
sin@

1
secfl = ——
cos

|
cotfl = ——
tan g

m The reference angle, a, Of a given angle is
the acute angle formed by the terminal side
of the angle and the x-axis.

2w radians = 360 degrees

180
1radian = —
[
[
1degree =

180

degrees

radians

y-axis

QII QI
Only the Sine ?" trig
S unctions are

function is -

o positive.
positive.
QIII QIVv
Only the Only the
Tangent Cosine
function is function is
positive. positive.

o= QN

6=180"-a (Q Il)

6=180°" + o (Q Ill)
6= 7360°- o (Q IV)

42380

S =0r

x-axis

M2 W2 Ch8 -



Chapter 9

Vectors and Oblique
Triangles
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Learning Outcomes Chapter 9

eI can add vectors by the tip to toe method
eI can add vectors by the parallelogram method
oI know how to multiply a vector by a scalar
I can also take away vectorsas A - B = A + (-B)

oI can split vectors up into x and y components
oI can add vectors by resolving the components.

I can use the cosine rule of triangles
oI can use the sine rule of triangles

oI can solve questions using the application of vectors.
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Ch. 9.1: Introduction to
[Vectors

Definition of a vector:
-a directed line segment

Components of a vector:
o Direction
o Magnitude
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[Vectors ]

= Applications of Vectors:

Force 1

Velocity &
acceleration
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[Describing Vectors

How are vectors described?
A, or,

In boldface: A

i A
/

Copyright © 2005 Pearson Education Canada Inc.

9-124



Describing Vectors

How Is the magnitude or the size of a
vector described?

Note the
|AB| or AB <; italicized
RN lettering.

Note the boldface
lettering within the
absolute value

bars Copyright © 2005 Pearson Education Canada Inc. 9-125




[Vector Addition

The Tip-to-tail Method: A+ B =R
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Vector Addition

The Parallelogram Method: A+ B =R
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[Scalar Multiple of Vector

If vector C Is In the same direction as vector
A and C has a magnitude n times that of A,
then C = nA.

yA

0 X
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Examples

eV

2V

Copyright © 2005 Pearson Education Canada Inc.
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[Subtraction of Vectors

To subtract vectors, the direction of the
vector IS reversed.

Therefore, A—B = A + (-B), where the
minus sign indicates that vector -B has
the opposite direction of vector B.
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|

Subtraction of Vectors

An illustration: A-B=A+(-B) =R
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?

Questions EX 9.1 9-12, 15-17,

15 5.6 cm, 50

Copyright © 2005 Pearson Education Canada Inc.
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12.

A

N R TB

15. 5.6 cm, SO°

P

4.3

20.

21.

22,

13,




Ch. 9.2: Components of
[Vectors

Two vectors that, when added together,
have a resultant equal to the original
vector, are called components.

Any vector can be replaced by its x- & y-
components.

Finding these component vectors Is
called resolving the vector.
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[Vector Components

Components of a vector:

, (X))
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[Resolving Vectors

We will use trigonometry in our
calculations by means of:

1A, =r*cos 6
Ay:r*sinH
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Steps Used In Finding the x-
[and y-Components of a Vector

Place vector A such that #is in standard
position.

Calculate A,, and A, from A, = rcos ¢ and
A, =rsin 6. We may use the reference
angle if we note the direction of the
component.

Check the components to see if each is In
the correct direction and has a magnitude
that is proper for the reference angle.
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[Example

What are the rectangular components of the
vector given magnitude of 75 & 6= 50°?

A, =1 *cos 6 I A, = r*sin @
A, =75 *cos 50° A, =75 *sin 50°
Ax = 48.2 z ) EE—— _ Ay =574

i 187
< 50°
A, =48.2
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?

Questions EX 9.2 5-8, 21-22,

21.
Surluce
17.3%
250
5. ¥V, =750c0s28 =662 V. =250c0s17.3 =23.9 km/
V, =T750sin 28 =352 V. =25.0sin17.3 =743 kmh
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5 F = 750c0528 =662
. ] 21.
¥, =T50sin28 =352 Surluce

6. V =T50cos105 =-T750c0sT5 =194 35.0

¥, = 750sin 105 =750sin75 =724

¥, =25.0c0s173 =239 km/h

¥V, =250sin17.3" =7.43 km/h
~750c0562.3 =750c0s242.3 = -349

~7505in62.3 = 750sin 242.3" = 664 22, ¥, =V cos66.4" =18.0(0400) = 7.21 fi/s
V, =Vsin66.4 =-18.0(0.916) = -16.5 fi/s

|
-
1l

8. V. =750c0s52.4 =T750c0s307.6" =458
¥V, =-750sin 524" = 7505in307.6 =-5%
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Ch. 9.3: Vector Addition by
Components

To add two vectors:

1.

2.

Place each vector with its tail at the origin.

Resolve each vector into its x- and y-
components

Add the x-components of each vector together.
Add the y-components of each vector together.

Using the Pythagorean Theorem, find the
magnitude of the resultant vector.

Using the tangent ratio, find the direction of the
resultant vector.

Copyright © 2005 Pearson Education Canada Inc. 9-141



[Example

Vector A: 38.6/216.6°
Vector B: 28.3./58°

y
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[Solution — finding the x-component

vector A: 36.6410.6° |, ?;;;\;\;;Ax""',ﬁf,??”
Vector B: 28.3£58°

AX + BXx = RX

AX = rcosf = 38.6c0s16.6° = 31

BXx = rcos@ = 28.3c0s58°= 15
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[Solution — finding the y-component

vector A: 38.6216.6° . ?;;;\;\;;;C"';f"
Vector B: 28.3£58°
Ay + By — Ry

Ay = rsin@ = 38.6sIn16.6° :11
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[Solution (continued)

Resultant Vector: (52, 35)
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[Solution (continued)

Resultant Vector: (52, 35)

What Is the magnitude & direction of
this resultant vector?

r= \/xz +yt = \/(522 +352):
0 =tan? (y/x) = tan (35/52) =
Answer@?, £34°
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[Solution (continued)

Resultant Vector:
In rectangular form: (52, 35)
Magnitude & direction: 62.7, £34°
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?

Ex 9.3 questions 7 — 10

Plus 27

=y

R=v5.18 + 856 = 10.0

BA

=

i

= tan”! T M

=)

o
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9,
y |
R, =-0982
R, = ~0.982, R, = 2.56
_ﬁ' =5 |8 Rw= [R} + R? = \/(~0.082)7 + 256" = 2.74
X

R= VBB T856 = 100 tan i = | 550

— 69.0° = 111.0°

= 2.61

(0 is in Quad II since R, is negative and R, is

Rfﬂs Opor = 69.0°
i =tan™ — = 585° oo
518
positive)
¥
10.

=

R~ -52.0

R, =806, R, = -520
R=\[R} + R} = /8067 + (5200 = 104

-52.0

Qi

tan By = = (1580

Orof = 30.1°
# = 360° - 30.1* = 320.9°

(# is in Quad IV sinee R is positive and Ry, is
negative)

R, = —T29, R, = —209

R= ,/Rj + B2 = f(-720)7 4 (~209)2

~200
an Opop = | e | =2 0.
tan O, .f 7291 0,287
Bror = 16.0°

0 = 180" + 16.0° = 196.0°

27.

I
i
I
'
I
I
[
[
i
|
I
I
I
I
|

R,=-123

R, =302cos (180° —45.4°) + 155 cos (180° +53.0°)
+212¢0530.8" =123

R, =302sin(180° —45.4° ) +155sin (180° +53.0°)
+212sin 30.8° =200

R=R?+R} =235

R
0 =tan" ;Ty =-58.4°

v

=180" -58.4" =121.6"

(@ is in Quad IIT since R, is negative and R, is 9-149

negative)



Ch. 9.4: Application of vectors

W An aircraft’s heading is the direction in

which it is pointed. Its air speed is the spead at

which it travels through the air surrounding it

Due to the wind, the heading and air speed, and

its actusl direction and speed relative to the

ground, will differ,

100 km/h

EXAMPLE 3 Airplane velocity

An airplane headed due cast is in a wind blowing from the southeast. What is the re-
sultant velocity of the plane with respect to the surface of the earth if the velocity of
the plane with respect to the air is 600 km/h and that of the wind is 100 km/h? See
Fig. 9.35.

Let v, be the velocity of the plane in the x-direction (east), v, the velocity of
the plane in the y-direction, v,,, the x-component of the velocity of the wind, v, the
y-component of the velocity of the wind, and v, the velocity of the plane with re-
spect to the air. Therefore,

Vpe = Vpg — Vpy = 600 — 100(cos 45.0°) = 529 km/h
Vpy = Uy = 100(sin 45.0°) = 70.7km/h
V(529) + (70.7)° = 534 km/h

v

L/

600 km/h

Fig.9.35

12 _ an=1 707

b
U 529

tan

= 7.6°

The plane is traveling 534 km/h and is flying in a direction 7.6° north of east.
From this, we observe that a plane does not necessarily head in the direction of its
destination. 2
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Equilibrium of Forces

NOTE #

Fig. 9.36

B Newton's third Jaw of motion states that
when an object exerts a force on anather
object, the second abject exarts on the first
object a force of the same magnitude but in tha
opposite direction, The force exerted by the
piank on the block is an illustration of this law,
{Sir Isaac Newton, again. See page 268.)

As we have seen, an important vector quantity is the force acting #n an object. One
of the most important applications of vectors involves forces that afe in equllibrium
For an object 1o be in equilibrium, the net force acting on it in any i
zero. This condition is satisfied if the sum of the x-components of the forceis zero am
the sum of the y-components of the force is also zero. The following two examples il-
lustrate forces in equilibrium,

EXAMPLE 4 Forces on block on inclined plane

A cement block is resting on a straight inclined plank that makes an angle of 30.0° with
the horizontal. If the block weighs 80.0 Ib, what is the force of friction between the
block and the plank?

The weight of the cement block is the force exerted on the block due to gravity.
Therefore, the weight is directed vertically downward. The frictional force tends to op-
pose the motion of the block and is directed upward along the plank. The frictional
force must be sufficient to counterbalance that component of the weight of the block
that is directed down the plank for the block to be at rest (not moving). The plank itself
“holds up™ that component of the weight that is perpendicular to the plank. A conven-
ient set of coordinates (see Fig. 9.36) is one with the origin at the center of the block
and with the x-axis directed up the plank and the y-axis perpendicular to the plank. The
magnitude of the frictional force Fyis given by

Fy = 80.0 cos 60.0°

component of weight down plonk
equals frictional force

= 40.01b

We have used the 60.0° angle since it is the reference angle. We could have ex-
pressed the frictional force as F; = 80.0 sin 30.0°.

Here, it is assumed that the block is small enough that we may calculate all forces
as though they act at the center of the block (although we know that the frictional
force acts at the surface between the block and the plank). ]
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Ch. 9.5: Oblique Triangles, the
[Law of Sines

We will use the Law of Sines & Cosines
when finding the angles & sides of a
triangle which is not a right triangle.

This type of triangle is known as an
obligue triangle.
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Possible Combinations of
[Oblique Triangles to Solve

Case 1. Two angles and one side

Case 2. Two sides and the angle
opposite one of them

Case 3. Two sides and the included
angle

Case 4. Three sides
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Standard Notation for
[Triangles

We will use standard notation in our
discussion of all triangles.

C
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C

[Law of Sines /\

C

If ABC Is a triangle with sides a, b and
c, then the sides of the triangle are
proportional to the sines of the opposite
angles.

4 )
a b C

SMA:SMB:SMC
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Case 1. Two Angles and One
[Side

Given A =28.7°, B =102.3°, b = 27.4 m, find
a, ¢, and C. c

Solution: /\

1. Make a sketch.

2. Use the triangle sum theorem to find the
missing angle, C.

3. Use the Law of Sines to find the missing

lengths. . E
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Solution (continued)

Making a sketch reveals ...

b=274m

Find the missing angle C ...

>
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[Solution (continued) ]

b=274m

The missing angle C is:

180° — 28.7° — 102.3° = 490
>
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Solution (continued)

b=27.4m

a 27.4

Length alis: gin287°  sin102.3°

>
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Solution (continued)

b=27.4m

: C 21.4
Length c is: =

sin49° sin102.3° ”D:>
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Final Solution

b=27.4m

To have solved this triangle, the values of all 3
lengths have been found and the size of all 3
angles have been found.
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Case 2. Two Sides and the
[Angle Opposite One of Them

Given A=35° a=20, b=30m, find c, B,
and C.

Solution: /\

Make a sketch.

1
2. Use the Law of Sines to find B.

3. Use the Triangle Sum theorem to find C.
4. Use the Law of Sines to find length c.
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[Solution

Solving using the Sine Law gives us:

20 30 in B =30sin 35°
_ y 208N B =30sIn35

sin35° sinB sin B = 0.8604

B =sin*0.8604




[Solution (continued)

Use the Sine Law to find length c:

20 __ C  ___, (sin35°=20sin85.64°

sin35° sIn85.64 - 10.942
0.5736

c=34.77Tm 59.36°
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Solution (continued)

To have solved this triangle, the values of
all 3 lengths have been found and the size
of all 3 angles have been found.

c=34.77Tm
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C

[Summary of Solutions: /\

Two Sides and the Angle Opposite One
of Them

1.

2.

3.

4.

b i l“
A
(a)

No solution if a < bsin(6).

A right triangle solution if a = bsinA.
Two solutions if bsinA<a<b.

One solution if a > b.

C C
'ﬁ ;I 1
A A B A B R
(b) (C) (d)




Summary of Solutions:

To have 2 solutions, we must know 2 sides
and the angle opposite one of the sides, and
the shorter side must be opposite the known
angle.

If there Is no solution, the calculator will
Indicate an error.

If the solution is a right triangle, the calculator
will show an angle of exactly 90°.

Since 2 solutions may result from Case 2, it is
often called the ambiguous case.

3
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Exercise 9.5 questions 7-10, 28,29

9-168



C
3.107 4.601
A 18.23° : B
{
a b C

sinA _ sinB sinC
4601 3107  C
T Sn1823 snB snC
3.107 sin 18.23°

n B = 4.601
B =12.20°, C = 180 — 18.23 — 12,20
= 149.57°
4.601 sin 149.57°
€= —"—jnigo M8
8.
2
b= 3622
a
=6937°
4 ¢~ 2046 2

bh=3622, ¢c=294.6, B =69.37
b ¢ . 3622 2946
sinB sinC sin6937  sinC

; 294.6sin 69.37"
sinC = ——————
3622
C =49.57
A=180.0"—(69.37 +49.57 ) = 61.06
a b a 362.2

sind_sinB’ sin61.06 sin69.37

b= 7751 5
B=20.73
A ¢=13642

b == 7761, ¢ = 3642, B = 20.73°

b c 7751 3642
snB  sinC’ sin20.73°  snC
: 3642 sin 20.73°
sin O = “—m = 0,1663
C = 9.57°
A = 180.0° — (20.73° — 9.57°) w 149.70°
a b a 7751

SinA _ sinB’ sinl49.70°  sin20.73°
7751 sin 149.70°

a= - gng0.7s - 1L050
C=17643"
b a=150.4
A B
c= 2509

= 150.4, ¢ = 250.9, C = 76.43°
a ¢ 1504 2509
sind  snC' snA  sn7643°
150.4 sin 76.43°

sin A = —-—“mg‘—-—- = (.5827

A= 35.64°
B = 180.0° — (35.64° — 76.43°) = 67.93°

b ¢ b 250.9

@nB  snC’ sin67.93°  sin76.43°

250.9 sin 67.93°
b A A2

28.
175
1751s
vertical
: T . '|7S . l=I75-sm60:0 -~ 159 1b
sin60.0  sin72.0 sin72.0
‘ T, s ‘I’IS .;7,2=l75.sm48:0 137 b
sind48.0  sin72.0 sin72.0
29,
T . §50 . =35E}_|am5-i..3 ~ 880 N
sin54.3  sin51.3 sindl.3



[Ch. 9.6: The Law of Cosines

The Law of Sines can only be used when
we know:

Case 3. Two sides and the included angle
Case 4: Three known Sides.

Use the Law of Cosine when all 3 sides
are known & when there are 2 sides &
an included angle.
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[The Law of Cosines

= \WWhen we don't know £ZB or ZC, we
use the formula:

@zbng—lbcws
C

/\
A B

C
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|

Other Forms of the .
Law of Cosine /\

When we don’t know £ 4 or ZC, we
use the formula:

@ = aerCE-MCCGS

When we don’'t know £ 4 or £ZB, we use
the formula:

@:a3+b3—2abcos@
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Case 3. Two sides and the
[included angle

Given two lengths, 1.24 m and 1.87 m,
and the contained angle 42.8°, what is the
length of the third side?

First sketch the problem
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Case 3. Two sides and the
[included angle

Given two lengths, 1.24 m and 1.87 m,
and the contained angle 42.8°, what is the
length of the third side?

1.24 m
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agzbg—cz—lbcwsA ]
[Solution

= Given two Iengths, an and
e 47.8°,

the contained angl| what i1s the

length of the third side? .
e
n Using the Cosine Law: / x
42.8°
. 1.24m

x=128m
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0" =b"+c¢"-2bccos 4
[Case 4. Three Sides

Given three lengths, 70 m and 65 m and
49 m, what are all 3 angles?

Q™
A 49 m

65 m
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E

- )bccos 4
W0 49 m ]
Solution A

65 m

= We use all 3 lengths in the Law of

Cosines.
a Leta=70mM, b=65M,c=49m
Find angle A
70 = 65° +49° - 2(65)(49)cos .
1 =7473"°

>
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[Solution (continued)

Find angle B: 63

sm 74.3°  sm B
B =634°

Find angle C:
Co= TR0 - T8 - 03 4
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[Solving Oblique Triangles

Case 1: Two Angles and One Side

o Find the unknown angle by subtracting the
sum of the known angles from 180° (the
Triangle Sum Theorem).

o Use the Law of Sines to find the unknown
sides.

>
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[Solving Oblique Triangles

(continued)

Case 2: Two Sides and the Angle Opposite
One of Them
o Use the known side and the known angle

opposite it to find the angle opposite the
other known side.

o Find the third angle from the fact that the
sum of the angles is 180" (the Triangle Sum
Theorem).

o Use the Law of Sines to find the third side.
o Watch for the ambiguous case. >
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[Solving Oblique Triangles

(continued)

Case 3: Two Sides and the Included Angle

o Find the third side by using the Law of
Cosines.

o Find the smaller unknown angle (opposite
the shorter side) by using the Law of Sines.

o Complete the solution using the fact that the
sum of the angles is180" (the Triangle Sum

Theorem).
>
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[Solving Oblique Triangles

(continued)

Case 4: Three Sides

o Find the largest angle (opposite the longest
side) by using the Law of Cosines. Find a
second angle by using the Law of Sines.

o Complete the solution by using the fact that
the sum of the angles is 180" (the Triangle
Sum Theorem).
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Exercise 9.6 questions 5-9, 28, 31

5.
C=98"

QEI.*F‘\ES&\
A I

{I

a = 4030, b= 924, ' = 98.0"

c =4750
B=11.1°
A=70.9°
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0.0845

O

850"

0.116

a=0.0845,c = 0.116, B = 85.0°

b= /0.08457 + 0.116° + 2{0.0845){0.116)(cos 85.0°)
=0.137

a 0137 00845

0.0845 sin 85.0°

sin A = ————— =614

0.137
A=319°
C =180° - 37.9° - 85.0° = 57.1°

C

a= 39.53i t fr= 45322
A

T

b = a® 4 ¢* - 2accos B
45.22% = 39.53% 4 67.15% — 2(39.53)(67.15) cos B
cos B = 0.7685
B = 40.67*
b+ ¢ = 2becos A = o
45.22% + 67.15% — 2(45.22)(67.15) cos A = 39.53°
oos A = (L8219
A =34.73°
O = 180° — 40.67T" — 34.73° = 104.6°

2331

a=2.331,b = 2.726,c = 2.917
27962 4 2.9172 — 2.3312

A = 4B.65°

ST o - o6l
2.331% 4 20172 — 2.726*
= TapmnEer o A8

B = 6139
C' = 180" — 48.65" — 61.39° = 69.96"

c
467.7 3854
B

800.9

A

a = 385.4, b = 467.7, ¢ = 800.9
467.7° + 800.9% — 385.4%

o8 A = e ) 800.9) 499
A=1821°
385.4% -+ 800.9% — 467.7%
008 B = =g ay8009) 00253
B =22.28°

C =180° - 18.21° — 22.28° == 139.51°

250 o3 1.75

X

= 175 2507 “2(2.50)(175) {cos102)
=334 m

31

second turn =

= first turn

624 A

8467 = 6242 + 326% — 2(624)(326) cos A
cos A = —().5409
A= 122.7°
first turn = 180° — 122.7° = 57.3°
6242 = 8462 + 326° — 2(846)(326) cos C
cos C = (.7843
C =383
second turn = 180° — 38.3° = 141.7°
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Application of vectors.

We can apply what we have learnt to real problems

Look back over chapter 9.4 and some examples
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The Tip-to-tail Method: A + B=R Components of a vector:

g %) A =r*cos 0
o 4 A,=r*sin 0
B ?\6%\}\ A,
A
O X
A, F=alxt+ y2
The Parallelogram Method: A + B=R
|AB| or 4B
}: — -
e C 180°=A+B+C
B o\, ’
8 :
b a
A R
° ' 4 B sind sinB sinC

Mz Chg) @ =b*+c* —2bccos(d)
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Chapter 10

Graphing the
Trigonometric Functions
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[ Learning objectives

4) Diagram trigonometric functions.

Ican...........

4.1 Sketch the curves of the trigonometric functions using amplitude,
period and displacement,

4.2 Calculate the amplitude of a tfrigonometric function

4.3 Calculate the period of a trigonometric function

4.4 Calculate the displacement of the ftrigonometric function

4.5 From sketch calculate period.

4.6 From sketch calculate amplitude.

4.7 From sketch of a trigonometric function calculate displacement.
4.8 Sketch composed trigonometric functions (tfangent, cotangent,
secant, and cosecant).
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Ch. 10.1: Graphs of y = asinx
[& Yy = acosx

The angles of the graphs of the

trigonometric functions will be expressed
In radians.

In this way, both the independent

variable and the dependent variable are
real numbers.
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The Periodic Curve

y =sin x and y = cos x are known as
sinusoidal or periodic functions.

y =sin X y = COS X
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Graphing the Sine & Cosine N
[Curves

There are 5 key points found within one
cycle of the sine or cosine curve to use
when sketching the trigonometric curves.

o The intercepts (or zeros)

o The maximum

o The minimum

These are important landmarks and will
help you sketch a symmetrical curve.
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Key Points on the Normal Sine
Curve

1st intercept: (0, 0)

2"d intercept: (wt, 0)

3'dintercept: (2n, 0)
Maximum: (rn/2, 1)

Minimum: (37/2, -1)
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[Amplitude

All y-values obtained for the graph of
y =sin X andy =cos x are to be
multiplied by a.

The amplitude increases by |a|
amount.
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[Amplitude ]N

= Note the location of
the 5 key points used
In graphing.
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[Amplitude

= The negative
reverses the
direction of the
graph.

= The intercepts
remain the same
but the maximum &
minimum are
reversed.
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3. y=sinx
A e e B F
ylo -2 1 _& g & | &
y
4
l_.
P RN N N | A A x
- =r ¥ _= zr £ ¥ ¥
4 2 4 4 2 4
_.l._
4. y=cosx
x| -4 520 58 % &
y|-1 =07 0 07 1 07 0 -0.7 -1
x| % % 2 o2 %oz wm oy
y|-07 0 07 1 07 0 -0.7 -l
y

10-197

. ¥=3cosx
|or % -5 50§ 5 % oa
yi=3 =21 0 21 3 21 0 2.1 3
x| % & o2 ogp w o= U3,
yi-2.1 0 21 3 21 0 =21 -3
¥y
3
_l/t\yzlw\?i?-'x
-3
y==4sinx
x|-n -2 2 20 4 1 % g
y{ 0 28 4 28 0 -28 -4 -28
x|¥ % = o2 % g om oy
y|28 4 28 0 -28 -4 -28 0
¥V



Ch. 10.2: Graphs of y = asinbx
[& Yy = acoshx

When graphing y =sin x andy = cos x the
values of y repeat every 2n radians.

We say that these functions are periodic and
have a period of 2r rads.

Graphing y = asinbx or y = acosbx
Period = 2n/b

We still use the 5 key values to sketch a
trigonometric function to include its period.
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y = asinbx

Period = 2a/b
a = amplitude

47

We start with y = sin @

It has amplitude = 1 and period = 2.

Copyright © 2005 Pearson Education Canada Inc.
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- u There are
twice as many
cycles.

//| m Once again,
note the
location of the
5 key points
used In
graphing.
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Period

y=sinx

Fory = sin ax

Copyright © 2005 Pearson Education Canada Inc.
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Fory = cos ax
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= There are half
as many cycles
here.
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Ex 10.2 q 5 to 8, 23 to 25

23. =2 sin fix has amplitude of 2 and period ;

X

JI

0 &

0 2

-2

- |

E=J ]
=]

-.I
5. Since cos bx has period 2%, y =3 cos 8x has a

22 IV\
- 2o T i
period of 2% or =, '. : e
1 ﬁ
-2
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23. y =2 sin 6x has amplitude of 2 and period :.

] R S
A\ ¥io 2 0 =2 0
’ / ¥

: oz
5. Since cos bx has period 47, y =3 cos 8x has a 24. y =4 sin 2x has amplitude of 4 and period .

1 1 a F | n Ed
period of <%, or £, x |02 2 2 4
2x |0 5 & & 27
6. Since cos bx has period 2%, y =28 cos 10x has a sin2e |01 0 -1 0
ds5in2x |0 4 0 -4 0

- in 7
period of <%, or £

7. y=-2sin |2x has period of 32 = £,

8. y=—1 sin 5x has period of 2.




Ch. 10.3: Graphs of
[ y = asin(bx+c) & y = acos(bx+c)

The effect of ¢ In the equations
y = asin(bx+c) and y = acos(bx+c)

o shift the curve to the leftif C > 0, or

o shift the curve to the right if C < 0.
Displacement or Phase Shift:

o The amount of shift is given by -C/D.

Copyright © 2005 Pearson Education Canada Inc.

10-205



Displacement N

y = asin(bx+c) & y = acos(bx+c)

= The
displacement is

negative (to the
left) for ¢ > 0.
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[Displacement

= The

displacement is

positive (to the

right) for ¢ < 0.
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[ Summary

= Important Quantities to Determine for
Sketching Graphs of y = asin(bx + ¢) &
y = acos(bx + ¢):

o Amplitude = |a]
o Period = 2n/b
o Displacement = -c/b

Copyright © 2005 Pearson Education Canada Inc.
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For y=asin(bx+c)
amplitude= a, period = 21r/b, displacement = - c/b

EXAMPLE 2 Sketching graph of y = asin (bx + ¢)

Sketch the graph of y = 2sin(3x — ).

First, note that @ = 2, b = 3, and ¢ = —. Therefore, the amplitude is 2, the
period is 27/3, and the displacement is —(—/3) = /3. (We can also get the dis-
placement from 3x — 7 = 0,x = 7/3.)

Note that the curve “starts” at x = 7r/3 and starts repeating 27/3
units to the right of this point. Be sure to grasp this point well. The pe-
riod tells us the number of units along the x-axis between such corre-
sponding points. One-fourth of the period is %(27") = £

T T T 2

X Important values are at 5,5 + ¢ = 3,5 + 2(-5) = %, and so on.
We now make the table of important values and sketch the graph
shown in Fig. 10.16.

' Displacement Period x % 73" | % ;515 -'ié’Z T ]J (period) =%
Fig. 10.16 ylo[=2]o]2]0|-2]0
Note that since the period is 277/3, the curve passes through the origin. )
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?Ex 10.3 p298 q3-6, 23-26 ]

In Exercises 3-26, determine the amplitude, period, and displacement
for each function. Then sketch the graphs of the functions. Check each
using a graphing calculator.

; w v w
. V= - — , V= X+~
3.y sxn(x 6) 4. 3sm(r 4)

m m
.y = + — Ly = )
5.y cos(x 6) 6. y 2cos(x 8)

A

3. _|-==$in[x—%]; a=1b=l,c==

o | A

Amplitude is ]al =1; period is IT}I =2

displacement is -

Copyright © 2005 Pearson Education Canada Inc. 10-210



4. y=3sin[.\'+£);a:3.b=|.c=..£
4 4

Amplitude is |a| = 3; period is 27” = ZTK =2m; A\
r~

displacement is Lo X4 )
b | 4
-"
) L
4

x —
6. y=2cos|x——|a=2, b=, c=—
! [ ﬂ] Ty

; " Amplitude is |a] = 2; period is % = 2% ~ 27,
5. y=cos .r+g;a=l,b=l,c=--g b

displacement is - - —[1 -
h 8 8

[._-ll
' \_/ 17x
K
¥ Al

=] & 10-211

Amplitude is |a] = I; period is _25_ =2nr;

¥

displacement is ~ Sl 2
b 6

/

o0 =




23- }':ﬁin{rtx—ﬂ']; ﬂ=1,b=ﬂ']*ﬂ=—ﬂ"
Amplitude is |.;.-| = |; period is % - 3;
x

displacement is L l
6 =

¥

I_
i -I.'

4, -}'=_%5i“[21‘l]-‘,ﬂ3“%1 b=2 ¢=——
o

Amplitude is |.u| == pcnmi is % = ZT” T,

displacement is _E =_[_I IR]: 1
b 2 2

[
-~ T
1_:1_.
'>
]
-

"
B-d | e -
I<
: |
"
-+
baitf

2 2
28, y= —-;— cos(;rx—%); a= —;. b=n,c= -56—

Amplitude is |a|=—-, pertod it 2% 2K u 2t
b =&
x 2
displacement is —< =~ = 6__%
b n 6
y
at
2 /\
A L
-z Jlo K
5 /s 0
2
26. y=JI’COS(—I-x+-l—);a=x’h.—_.L. L‘=l
r 3 n 3
. : . 4. 2m 2 3
Amplitude is |a| = x; period is = =" =2,
b Unm
displacement is L B L8 TP
h Uim 3
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41.

41,

Graph to equation
Ex 10.3qg41-44

y=asin(bx+c). Amplitude = 5,

3
period = - 16, b= T
f K

displacement = . -1 c-_E-
? b
NE . A
y=5sin| —x+ J
8B 8

y=a cos(bx+c). Amplitude = 5,

. 2
period = sl 16, 16b=2m; b= T
b b

. ; 3
displacement = -—=3, c = —

T ;
yvimstﬂ X——

43. y=acos(bx+c). Amplitude = [-0.8|= 0.8,

44.

2
period = ~/ﬂ 7, b=2
?

displacement = -;) =0,c=0

v=-0.8 cos 2x

y=asin(bx+c). Amplitude = 0.8,

. 2n
period = s m,b=2

b g 2

. ¢
displacement = —— =~ ¢= =" = -

bh 4 4

-

y=10.8 sin [ 2x - = )

Copyright © 2005 Pearson Education Canada Inc.

10-214



Ch. 10.4: Graphs of
[y:tanx,y:COtx,yzseCX,y:cscx

These functions are not defined for the
values of x for which the curve has
asymptotes.

This means that the domains do not
Include the values of x at the points
where the asymptotes exist.
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Graph of y = tan x

y=tanx

N

Note the asymptotes where y =
tan x is undefined.

Amplitude has no meaning here;
period & phase shift do.

Asymptote

Is straight line that is closely approa
ched by a plane curve so that the
Perpendicular distance between
them decreases to zero as the

Distance from the Origin increases
to infinity

A t =
I + Period —'}
1l
1l
1l
1l -
1l
||}-i— Asymptote
I
il
':
I
: !
r 1 =X m
T 3 2
2 2
| |
| |
| |
| |
| |
: .;
| |
I
I I|
: I
: I
: I
I I :
I I :
I I v
v v
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Graph of y = csc X

t
pefod—— = This graph is the

: reciprocal

:i relationship of

J:' “-T""*  y=sinx
S¥=="""-~ & Note the asymptotes
= Ao where y = csc X iS
i undefined.
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Graph of y = sec X

= This graph is the
reciprocal
relationship of

D R i : Y = COS X.

= Note the asymptotes
where y =sec X IS
undefined.

¥ =secx

Fig. h0.25
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[Graph of y = cot X

t f f Note the asymptotes
| wherey =tan x IS
} undefined.
|
: Note the asymptotes
AN are the same for
|: y=cotxX.

I Fig.]|0.24
V } Il 3
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[ ? Ex10.4 p301 q3-6 |

In Exercises 3~ 6, fill in the following table for each function and plot
the graph from these points.

Jdeisinis R EHGE
& T S [ O T T Sk e U O L
¥y K
3. y=tanx 4. vy =cotx 3 -
A
5. v=secx 6. ¥y = CSC X 5!
i g
0
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r|-¢ -4 -4 -+ 0% ¢
“cotx| 0 058 -1 -1.7 * 1.7 1
x |3 3 & x % oa
cotx |058 0 -058 -1 ~1.7 *

s |-3 -5 -# -2 0 ¢ 3
secx | * 2 14 12 1 12 14
r |55 % ¥ ¥ 4
secx |2 * -2 -14 -12 -1l

(* = undefined)

y

| A i

| !

'&./'

‘ . Y

5 =i 5:/3\

| |

] I

r |-4 -% -% -3 0 % 4
“cotx | 0 058 -1 -1.7 * 1.7 1
x | 5§ & m o= g
cotx [058 0 -D58 -1 -1.7 ¢

{"':und-eﬁnm‘l]
¥y
1 l\—/l
] I
A1 = |
l't 'ﬂ' X
= I
I i
I |
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Summary

CHAPTER 10 EQUATIONS

Lor the graphs of y = asin(bx + ¢)
and y = acos(bx + ¢)

y

[
— X
=i gl
»
a T, For cach
y=qasin{bx +¢)c>=0 a=0.6>0
()
. - l
HReciprocal relationships CSCX = —;
sin x

Amplitude = |al

Period = —  Displacement = —i— (10.1)

y=asin(bx +c)hc<0

(b)

cotx = (10.2)

COS X tan x

SeC X =
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Chapter 22

Introduction to Statistics

Copyright © 2005 Pearson Education Canada Inc. 22-223



[Course Learning Outcomes

6) Perform basic statistical analysis including:
6.1 Compute the mean value

6.2 Com
6.3 Com
6.4 Com

pute t
pute t

pute t

ne mode value
ne median value

ne standard deviation, percent error,

confidence level, precision and accuracy, and
distribution functions and INTERPRET the results.
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When we deal with large amounts of data we can analyse
them to find a lot of information.

This Is statistics.

First we need to know some definitions and the ways we can
represent data in graphs.

Copyright © 2005 Pearson Education Canada Inc. 22-225



|

Ch.

22.1: Frequency

Distributions

Terminology:

O

Raw data: numerical data collected but not
yet organized

Array: data that has been organized In
either ascending or descending order

Classes: groups used to organize the data

Eg people with red hair

Copyright © 2005 Pearson Education Canada Inc. 22-226



[ Frequency Distributions

= Frequency: the number of values in the
class

Eg 4 people with red hair

= Frequency distribution table: organizes
the data according to class and
frequency

= Relative frequency: the frequency of the
class iIs divided by the total frequency of
all classes

See example 3 page 614

= Cumulative frequency: obtained from
adding the class frequencies

22-227



= Frequency

= Frequency distribution
table:

= Relative frequency:

= Cumulative frequency:

Esrimated Houwrs Relative _
o ;nf.g'm.g; -II'II"E'I!F“EFTL'}' FF-E-I?I'-I'EPI-[‘J' (%a) (I;Iruer;]l,llatlve

-4 2 4 2/50 =~ 004= 4% 4
- ? |8 4+18

0-14 ¥ 38 4+18+38
5-19 | 1 12 etc

20-24 G 12

25-29 3 P

Total 50 | 100 22-228




[ lllustrating Frequencies

Histogram: a
representation of a
particular set of data by - -

displaying each class of = &
the data as a rectangle.

Frequency polygon: |
represents a set of data ¢ |
by plotting the x-values
and the frequencies as
the y-values

22-229



[Example

The Talk-A-Lot Telephone Co. gathers
data from 25 randomly selected
customers. The length of time (in hours)
each family spent on long distance calls
on the July long weekend is gathered.

The raw data are as follows:

o 5.5,41,42,6.5,5.1,24,35,4.7,4.7, 3.5,

5.9,6.6,3.1,5.1,2.7,44,5.7,4.4,6.8, 5.9,
4.5,5.5,4.7,4.9,5.4

Copyright © 2005 Pearson Education Canada Inc. 22-230



[Example (continued)

Construct:
1. A frequency distribution table
2. Arelative frequency distribution table
3. A histogram
2. A frequency polygon
5. A cumulative frequency table
6. An ogive of the data

Copyright © 2005 Pearson Education Canada Inc. 22-231



Solution

5.5,4.1,42,6.5,5.1,24,3.5,4.7,4.7, 3.5,

59,66,3.1,51,27,44,57,44,6.8,5.9,
45,55,47,49,54

1. The frequency distribution table:

Hours

2.0-2.9

3.0-3.9

4.0-4.9

5.0-5.9

6.0-6.9

Copyright © 2005 Pearson Education Canada Inc.
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5.5,41,42,6.5,5.1,24,35,4.7,4.7, 3.5,

59,66,31,51,27,44,57,44,6.8,5.9,
45,55,47,49,54

2. The relative frequency distribution

table:
Hours 2.0-2.913.0-3.9| 4.0-4.9 |5.0-5.9|6.0-6.9
Frequency 2 3 9 38 3
(families)

Copyright © 2005 Pearson Education Canada Inc.
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Hours 2.0-2.9|3.0-3.9| 4.0-4.9 |5.0-5.96.0-6.9
. Frequency 2 3 9 3 3
Solution| tamies

3. The histogram:

Frequency of Long Distance Calls by Hours

Frequency

2 3 4 5

Hours of Long Distance Calls

Copyright © 2005 Pearson Education Canada Inc. 22-234



Hours 2.0-2.9 | 3.0-3.9| 4.0-4.9 |5.0-5.9 6.0-6.9

Frequency 2 3 9 8 3

SOI Utl O | (families)

4. The frequency polygon:

Frequency Polygon of Long Distance
Calls in Hours

10

Frequency
o N AN (@)} (0 0]
_ N
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Hours

2.0-2.9

3.0-3.9

4.0-4.9

5.0-5.9

6.0-6.9

Frequency

SOI Utl ON | (families)

4. The cumulative frequency:

Hours on Long
Distance Calls

Cumulative Frequency

< 3 hours 2
<4 hours 5
<5 hours 14
<6 hours 22
<7 hours 25

Copyright © 2005 Pearson Education Canada Inc.
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Hours on Long Cumulative Frequency
Distance Calls
< 3 hours 2
Solution = 2 hotts -
< 5 hours 14
< 6 hours 22
<7 hours 25

6. The ogive:

Frequency

Cumulative Frequency of Hours of Long Distance Calls

30
25

20 /
15 /

. 7

5 /
-

0 ' ' ' ' | Class

<3 <4 <5 <6 <7 — :
| | boundaries
Copyright ®I1800s Pearson Education Canada Inc. ot
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Esvovated Howry | Cuwmlntive
on Intermer Frequency
----------- Less than § 2
~ Less than 10 3]
Less than 15 30
Leas thae 20 4
Less tham 25 47 ¢

e | SR SE— Lﬂlﬂlﬂ)o ”
S 10 15 » ¥ »

e - -

Mot The ogive showing the cumulative frequency for the values in this table i shown in
Fig 114 Fig 22.4, The vertical scale shows the fregueacy, aad the horizontsl scale shows the
du_:bmdadn.
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? Ex22.1

In Exercises 512, use the following data. An automobile company
tested a new engine, and found the Jollowing results in twenty tests of
the number of miles traveled by a certain model car on each gallon of
gasoline,

53,58, 36, 54, 59, 54, 60, 58, 58, 54,
63, 56, 57, 56, 57, 59, 55, 61, 59, 58
:S. Form a frequency distribution table.
6. Find the relative frequencies.
7. Form a frequency distribution table with five classes.

8. Find the relative frequencies for the data in the frequency distri-
bution table in Exercise 7.

9. Draw a histogram for the data of Exercise ;&
#"10. Draw a frequency polygon for the data of Exercise 7.
* 11. Form a cumulative frequency table for the data of Exercise 7.

:,12. Draw an ogive for the data of Exercise 7.



L ]

L]
& Mumber | Froquoncy " L.
_E'I_ ) I i 53? %8! $6! 5‘4I qgi-. 54.' m’ 58' 58' 54‘ !- (L i
54 3 63, 56, 57, 56{, 57, 59, 55, 61, 59, 58 " ,
55 | - =
i6 5 E
57 2
L1 4 2l o
o 1 —— L1 L) &l
&0 | - 1 5 o
| |
h2 ¥] Vil
i3 | Iy
6 MNumbes !}. Rolative . L
B i _: il'r-rqucﬂq."ﬁ'- E &
13 I [ E 4
LT 1 IS \
ol B : 1x 100/ 20 =
56 i | 15 % 52 33 30 Bl @ &7
_I_ 5T 2 n P i bed
58 q 20
!"'i' 3 I 1. Wumber | Camsmulaiive Freq,
e : P T e—
6l 1 i 57 |
L4 L] 1] &l i1
20 \u\ 1 k] 4] L]
—> | (1] il 20
T. Class | Frequency | Relative frequoncy %
51- 53 [ EN I
54 - 36 7 33 o
47 - 49 G 45 B 1s
fill — G2 2 E F
6365 1 | 5 §
m 100 B4
d

pog b gy LID DLY DbG NI

B. Soz problem 7. Minnshar



Now we know how to show data we want to find
useful information from that data
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Ch. 22.2: Measures of Central
[Tendency

Common values used to measure the
location of the center of the
distribution:

o Median

o Mean

o Mode
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[Median

The median is the middle number,
that number for which there are as
many above it as below it in the
distribution.

If there iIs no middle number, the
median is that number halfway
between the two numbers nearest the
middle of the distribution.
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[Example 1

Seven employee salaries were recorded (in
$1000s): 28, 60, 26, 32, 30, 26, 29.

What is the median salary?
Steps:

1. Sort the salaries. median
2. Locate the value in the middle.

Odd number of observations: 26, 26, 280, 32, 60

Copyright © 2005 Pearson Education Canada Inc. 22-244



[Example 2

A sample of 10 adults was asked to report the
number of hours they spent on the internet
the previous month.

The results in hours are as follows:
0 05 7 8 9 12 14 22 33

1 —
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[Solution 2

Steps: Even numper of}
. Sort the hours. observations
00 5 712 14 22 33

1. Locate the value Iin the middle.

We take the average of these values.

Median = (8 + 9)/2=8.5

Copyright © 2005 Pearson Education Canada Inc.
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[Arithmetic Mean ]

= This Is the most popular and useful
measure of central location

_ Sum of all the values

Mean =
Number of values

xxt x4+t + X T

X="—
X f,+f,+-+f
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[Example 3

From Example 2, calculate the mean
Internet usage of the 10 adults.

The number of hours are as follows:
O 7 12 5 33 14 8 0 9 22

Solution:

o O+7+12+5+33+14+8+O+9+22
B 10
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Mode

The value that appears most frequently.
There may be none, one or more than one.

Copyright © 2005 Pearson Education Canada Inc. 22-249



[Example 4 ]

= From Example 2, calculate the mode of the
Internet usage of the 10 adults.

@7 12 5 33 14 8@9 22

= Answer:
= Mode = 0.

= When there are 2 modes, the data Is said to
be bimodal. 3

Copyright © 2005 Pearson Education Canada Inc. 22-250



median is the middle number

_ Sum of all the values

LS Number of values

E%:%ﬁ+%ﬁ+m+%ﬁ

X =

2 fl""f:"‘"'—"fn

Mode

The value that appears most frequently.
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Statistics intro: Mean, median and mode

Using the mean, median and mode to try to represent data

Measures of central

tendency

Statistics intro: Mean, median
and mode

Mean, median, and mode

E,JC[:V|C!'I!“\;' mean ana mecdian

’\(\ ‘;l-\sw_'t'\‘.f

module

Exploring mean and median

neans o

Means and medians nf different

Plus many other examples 22-252


https://www.khanacademy.org/math/probability/descriptive-statistics/central_tendency/v/mean-median-and-mode
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https://www.khanacademy.org/math/probability/descriptive-statistics/central_tendency/v/mean-median-and-mode

? From 5-16

EXERCISES 22.2

In Exercises |- 4, delete the 5 from the data numbers given for Ex-
ample | and then do the following with the resulting dota.
1. Find the median,
2. Find the anithmetic mean using the definition, as in Example 3.
3. Find the arithmetic mean using Eq. (22.1), as in Example 4.
4. Find the mode, as in Example 7.

In Exercises 5-16, use the following sets of numbers.

A: 3,6,4,2,5,4,7,6,3,4,6,4,5,7,3

B: 25,26,23,24,25,28,26,27,23,28,25

C: 048,053,049, 0.45,0.55, 049, 0.47, 0.55, 0.48, 0.57,
0.51, 0.46, 0.53, 0.50, 0.49, 0.53

D: 105, 108, 103, 108, 106, 104, 109, 104, 110, 108, 108,
104, 113, 106, 107, 106, 107, 109, 105, 111, 109, 108

In Exercises 5~ 8, determine the median of the numbers of the given set.

S SetA 6. Set B
7. Set C 8. Set D

In Exercises 9-12, determine the arithmetic mean of the numbers of
the given set.

9. Set A 10. Sct B

1. S € 12. Set D
In Exercises 13-16, desermine the mode of the numbers of the given set.
13 Set A 14, Set B
1S, SetC 16. Set D

In Exercises |7- 34, the required data are those in Exercises 22.1.
Find the indicated measures of central tendency.

17. Median of miles per gallon of fuel usage in Exercise §

18. Mean of miles per gallon of fuel usage in Exercise 5

19. Mode of miles per gallon of fuel usage in Exercise §

20. Median of computer instrsctions in Exercise 13

21. Mean of computer instructions in Exercise 13

22. Mode of computer instructions in Exercise 13

23. Median of strobe light times in Exercise 17

24. Mean of strobe light times in Exercise 17

25. Median of stopping distances in Exercise 21, (Use the class mark
for each class.)

26. Mcan of stopping distances in Exercise 21, (Use the class mark
for each class.)



7. Amange in ascending order; M = 0.495;
n=16(8", 9" )

A\ 8. Amange in ascending order; M = 107.5;
L/

n=22(11",12*)

%, The arithmetic mean is:

X
=2+3+3+3+4+4+4+4+5+5+ﬁ+ﬁ+ﬁ+?+?
5. Amange the numbers in numerical order: @ 3
2,3,3,3,4,4,4,4,5,5,6,0,6,7,7 T i
There are 15 numbers. The middle number is
eighth. Since the eighth number is 4, the median 10. ;=fo _ 280 Lo
s 4. >ron
6. 23,23,24,25 25, 25,2626, 27,28, 28, n=11, 11. 5=§':’: =%=“-5ﬂ5
M =25
12. E=E=ﬁ—mu

13. The mode is the number that occurs most
frequently, which is 4 since it occurs 4 times.

14. m =25 (occurs 3 times)
15. 0.49, 0.53 {(occurs 3 times)

16. m=108; /=5



If we have a large amount of data we may want to
find how far a certain value is from the mean
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[Ch. 22.3: Standard Deviation

Terminology:

o Population: the complete collection of
values

o Sample: a subset of the population
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[Standard Deviation

The standard deviation indicates the
spread of the data around the mean.

The less spread in the data, the more
reliable & descriptive it Is.

|

~Z(x=X)
TV n1

Copyright © 2005 Pearson Education Canada Inc.
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Steps for Calculating Standard
[Deviation

Find the arithmetic mean of the numbers of
the set.

Subtract the mean from each number of the
set.

Square these differences.

-ind the sum of these differences.
Divide this sum by n - 1.

~ind the square root of this result.
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[Example

A sample of 10 adults was asked to report
the number of hours they spent on the
Internet the previous month.

The results are as follows:

0 05 78 9 12 14 22 33

Calculate the standard deviation, s, for this
sample.

Recall the sample mean was 11.0.
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1.

0 0578 9 12 14

22 33

sample mean was 11.0.

Steps:

Find the arithmetic
mean of the
numbers of the set.

Subtract the mean
from each number of
the set.

Square these
differences.

X_

X

Olo|w|lo|lo|lo]| X

12

14

22

33

Copyright © 2005 Pearson Education Canada Inc.
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[Solution (continued)

f ~
Find the sum of these
differences. sum =917
- y,
f - ~
Divide this sum by n—1. Z(x=X)" 917
N n-1 g )
Find the square root of _ 917
: s=.]—=10.1
this resuilt. 9
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(2+) - (2«

7

n(u = l)

EXERCISES 22.3

In Exercises 1 and 2, in Example 1, change the first ] to 6 and the first 2
to 7 and then find the standard deviation of the resulting data as directed.

1. Find s from the definition, as in Example 1.
2. Find s using Eq. 22.3, as in Example 3.

In Exercises 3—14, use the following sets of numbers. They are the
same as those used in Exercise 22.2.

A: 3,6,4,2,5,4,7,6,3,4,6,4,5,7,3

B: 25, 26, 23, 24, 25, 28, 26, 27, 23, 28, 25

C: 0.48,0.53,0.49, 0.45, 0.55, 0.49, 047, 0.55, 0.48, 0.57,
0.51, 0.46, 0.53, 0.50, 0.49, 0.53

D: 105, 108, 103, 108, 106, 104, 109, 104, 110, 108, 108, 104,
113, 106, 107, 106, 107, 109, 105, 111, 109, 108

In Exercises 3—-6, use Eq. (22.2) to find the standard deviation s for
the indicated sets of numbers.

3. SetA 4. Set B 5. SetC 6. Set D

In Exercises 7-10, use Eq. (22.3) to find the standard deviation s for
the indicated sets of numbers.

7. Set A 8. Set B 9. SetC 10. Set D



x| 5% |(x-3) v I

2 [ -260 | 6.76 x| (x-) v
3 |-160] 236 23| -2.455 | 6.0248 | 529
3 2160 236 23| -2.455 | 6.0248 | 529
3 [-160 2.56 24 | -1.455 | 2.1157 | 576
4 |-060| 036 25 | -0.4545 | 0.20661 | 625
4 |-060| 036 25 | -0.4545 | 0.20661 | 625
4 |-060| 036 25 | -0.4545 | 0.20661 | 625
4 | -0.60| 036 26 | 0.54545 | 0.29752 | 676
5| 040 | 0.16 26 | 0.54545 | 0.29752 | 676
51040 | 0.16 27 | 1.5455 | 2.3884 | 729
6| 140 [ 1.96 28 | 2.5455 | 6.47973 | 784
61140 | 196 28 | 2.5455 | 6.47973 | 784
6 | 140 | 196

9 | 240 | 57 Y e=280, ¥ (x-x) =3072, ¥ x* = 7158
7| 240 | 576

o e .1=Tx:%=25.45

x=09/15=4.60
3360/14=24

s=+2.4=1.55
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The distribution of a large amount of data around the
mean follows a pattern know as the normal
distribution.
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[Ch. 22.4: Normal Distributions

The normal distribution curve Is a
frequency polygon for a very large
population with its maximum frequency
very near the mean and tapering off to
smaller frequencies on either side.
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Standard Normal Distribution

The standard normal
distribution Is the
normal distribution
for which the mean
IS 0 and the standard
deviation, o, IS 1.

—x?/2
e

1
Y= on

Standard Normal Curve

Copyright © 2005 Pearson Education Canada Inc.
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Characteristics of the
[Standard Normal Distribution

The curve Is symmetric about the y-axis.

Since the mean is 0, the curve Is
symmetric about the mean.

The x-axis Is a horizontal asymptote.
The total area under the curve is 1.
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[The Area Unde

Within one
standard
deviation, o, each
way of the mean

o 68% of the data

Copyright © 2005 P

r the Curve

Standard Normal Curve

earson Education Canada Inc.
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[The Area Under the Curve

Within two
standard
deviations, 2o,
each way of the
mean

o 95% of the data

Copyright © 2005 P
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[The Area Under the Curve

Within three
standard
deviations, 3o,
each way of the
mean

o 99.7% of the data
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}l

0.0215 0.3413 | 0.3413
0.1359
: : - X
-3 =2 -1 0 I 2 3
Fig-Il-ll —30 -2 — M= 0 o 20 3o

From Fig. 22.11, we can see that about 68% of the area is within one standard devi-
ation of the mean (in the interval p — o to p + o), and about 95% of the area is
within two standard deviations of the mean (in the interval u — 20 to p + 20°). These
percentages are often useful in data analysis.

Since a normal distribution curve gives a measure of the frequency of a particular
value within the distribution, the area under any part of the standard normal curve
gives the relative frequency of those values of the distribution. This is illustrated in the
following example.
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\
[The Standard Normal Variable N

The standard normal curve with
u = mean = 0 and o = standard deviation =1

X = the value on the x axis

The number of standard deviations away from the
mean Is called:

o the z-score or the Standard Score.

_X-p
O

/
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The z-score

= A value of z tells us the number of
standard deviations the given value of x Is
above or below the mean.
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Flg. 1211

On the next page, Table 22.1 gives the area under the standard normal distribution
curve for the given values of z. The table includes values only to z = 3 since nearly all

U3 Uo senjeA dn oo

of the area is between z = —3 and z = 3. Since the curve is symmetric to the y-axis,
the values shown are also valid for negative values of z.
Graph i Table 22.1 Standard Normal (z) Distribution
table form z | _Area z | Area 2 | Area
0.0 | 0.0000 1.0 | 0.3413 2.0| 04772
0.1 | 0.0398 1.1 | 0.3643 2.1 | 0.4821
Rea| values 0.2 | 0.0793 1.2 | 0.3849 2.2 | 0.4861
0.3 | 0.1179 1.3 | 0.4032 2.3| 0.4893
to table 0.4 | 0.1554 1.4 | 0.4192 24| 0.4918
0.5 | 0.1915 1.5 | 0.4332 2.5 0.4938 m
X — lu 0.6 | 0.2257 1.6 | 0.4452 2.6 | 0.4953 S‘
Z — 0.7 | 0.2580 1.7 | 0.4554 2.7 | 0.4965 u
0.8 | 0.2881 1.8 | 0.4641 2.8 0.4974 A
O 0.9 | B3159 1.9 | 0.4713 2.9 | 0.4981 )
1.0 | 0.3413 2.0 | 0.4772 3.0 | 0.4987




[Example

The mean water consumption for a
community Is 28.0 litres per week with
standard deviation of 5.6 litres.

What is the probability that you will find
one family that has water usage
between 28.0 litres and 33.04 litres?
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The mean water consumption for a
community is 28.0 litres per week with
o9 | o150 standard deviation of 5.6 litres.

What is the probability that you will find
one family that has water usage
between 28.0 litres and 33.04 litres?

m The z-score represents the area under the
normal distribution curve.

= This will give us the probability that we are
looking for.

X—pu 33.04—28.0

o 5.6

= Forz=0.9, the probabllity that one family will
use between 33.04 & 28.0 litres of water in one
week 1s 0.3159 or 31.6%.
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Sometimes we need to know how far our data
Is from the normal curve.
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[Standard Error of the Mean

We assume the data is normally
distributed.

To determine the variation of the data
from a normally distributed data set, we
calculate the standard error of the mean.

\

o All possible
O. = —— samples of size

X \/ﬁ n. )

Copyright © 2005 Pearson Education Canada Inc. 22-278




[Standard Error of s

To determine the variation of the data
from a normally distributed data set, we
calculate the standard error of s.

O

S

O

J2n

J.

All possible
amples of size n.

As the sample size gets larger (i.e. > 30),
the less variation there should be Iin the
mean & standard deviation of the sample. s

Copyright © 2005 Pearson Education Canada Inc. 22-279



[ ? Ex22.4 99-12

In Exercises 912, use the following data and refer to Fig. 22.11. A
sample of 200 bags of cement are weighed as a quality check. Over a
long period, it has been found that the mean value and standard devi-
ation for this size bag are known and that the weights are normally
distributed. Determine how many bags within this sample should have
weights that satisfy the following conditions.

9. Within one standard deviation of the mean ) 200 X 0.68 = 136
10. Within two standard deviations of the mean

11. Between the mean and two standard deviations above the mean

12. Between one standard deviation below the mean and three stan-
dard deviations above the mean




9. 200(0.68) = 136 bags

10. (2(0.1359)+2(0.341 3]) 200) = 190.88, about
190 bags

11, (0.3413+0.1359)(200) = 9544, about 95 bags

12. (0.1359+0.0215)(200) = 31.48, about 31 bags

Copyright © 2005 Pearson Education Canada Inc.
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Ch. 22.5: Statistical Process
[Control

Statistical Process Control (SPC) Is
employed in industry to maintain and
Improve quality of products and services.

No two products coming off an assembly line
are exactly alike.

Samples are tested during the production
process at specified intervals to determine
whether the production process needs
adjustment to meet quality requirements.
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Control

A process is In control if it Is stable and
predictable.

o Measurements fall within upper & lower
control limits.

A process Is considered out of control If

It has an unpredictable amount of
variation.

= Measurements fall outside the control limits
due to special causes.

Copyright © 2005 Pearson Education Canada Inc. 22-283



[Control Charts

Used to show a trend of a production
characteristic over time.

Samples are measured at specified
intervals of time.

Measurements are plotted on a chart to
check for trends and abnormalities in the
production process.
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Key Features of Control
[Charts

At a particular time in the production
process, a sampling of measurements
are taken.

For each time period, the mean and
range of the samples can be calculated.

The range R of each sample is the
difference between the highest value
and the lowest value of the sample.
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[Key Features of Control Charts

= When we know the process distribution
mean & variance.

Out of control

Upper control limit

L 7\/ Centreline

Lower control limit
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[Terminology used in SPC

Variable: a characteristic that can be
measured

Attribute: a characteristic that can be
counted

o To monitor an attribute in a production
process we calculate the proportion of
defective parts.
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Table 22.2

r

CHAPTER 22 Introductian to Statistics LCL(E) =

Mean

Range

The UCL and LCL for the x chart are found as follows:
UCL(x) = x + AyR = 499.9 + 0.577(8.7) = 504.9 mg
~ AR = 499.9 — 0.577(8.7) = 494.9 mg

EXAMPLE 2 Making X and f control charts The UCL and LCL for the R chart are found as follows:

A pharmaceutical company makes a capsule of & preseripe
500 mg of the drug, according 10 the label. In a sewly modi

x
x

e s g £ S B e Sty ok LCL(R) = D3R = 0.000(8.7) = 0.0 mg

of samplea,

UCL(R) = D4R = 2.115(8.7) = 18.4mg

Sum

Means

dy

As w tom the table, the range R of each sample is the difference between
higheat walue and the lowess value of the sawple.
From this table of valves, we can make an x control chast and aa R coatrol chan

A

Amwant of Drug (e mg)

Subg of Five Capasies Runge R T e e e e e e e RS R e
1 9 Fig. 22.17 and the R control chast in Fig. 22.18,
2 7
3 I - - . . s=xses=ae=— S UL - A9
4 24
5 X L}

6 { 6
7 . 9
8 v ! ?
9 |sm soa sos s00 so2 | so26 P 8
10 S00 S02 500 496 497 | 4990 6
1 502 498 S0 503 497 | 3020 13
12 497 @98 456 502 SO0 | 4586 6
13 04 500 455 498 S0 499.6 9
14 00 499 498 SDI 494 | 4584 7
1s |48 6 s 501 05| s004 9 M. 2017
16 500 503 S04 499 S05 | s022 6
17 487 496 499 408 454 | Ml 12
I8 498 4% 4T 02 497 | em2 5
19 S 301 500 498 S04 | s012 6
30 | 496 494 503 502 S01| 492 | @
P Sums | 99980 | 174
Messs | 4999 87

The t chart maintains & check on the average quality level, whereas the R chan
maintains a check on the dispersion of the production process. These two control
charts are often plotted together and referred 1o a8 the T-R chant Fig 2210

In order 10 define the central lime of the ¥ chart, which ideally is equivalent 1o the
value of the population mean u, we use the mean of the sample means x. For the

This would be coasidered & well-centered process since x = 4999 mg: which is
central line of the R chart, we use K. From the table, we sec that very near the target value of 5000 mg. We do note, however, tha subgroup 17 was

ot a ¢ontrol limit and this might have been doe to some special cause, such as the
use of & substandard mixtore of imgredients. We also note that the process was
out of control due to some special caase of subgroup 4 since the range was above

1=499mg wnd R = 8Tmg

. ) wtions, inclading human Id be taken into account when making
A D D D and interpreting consrol charts and that this is only a very beief introduction to this
¢ 1 2 - 3 Dy ]

contml Cha rt F&cturs (e upper coatrol limit. We i&odd EE in mind that there are numerous consider-

2.326

1.342

: " 2, important industrial use of statistics.
0.577 | 0.000 | 4918 | 0.000 | 2.115

2.534

1.225

0.483 | 0.000 | 5.078 | 0.000 | 2.004 5 samples so n=5 95988

bl il sl bl

2.704

1.134

0.419 | 0.205 | 5.203 | 0.076 | 1.924



Five automobile engines are taken from the production line each
hour and tested for their torque (in N - m) when rotating at a constant
frequency. The measurements of the sample torques for 20 h of test-
ing are as follows:

Hour | Torgues (in N - m) of Five Engines
1 366 352 354 360 362
2 370 374 362 366 356
3 358 357 365 372 36l
4 360 368 367 359 363
5 352 356 354 348 350
6 366 361 372 370 363
7 365 366 361 370 362
2Ex 225 Eshu
% x ] 9 361 358 356 364 364
10 368 366 368 358 360

11| 355 360 350 362 353
5 - 8 12 | 365 364 357 367 370
13 | 360 364 372 358 365

14 348 360 352 360 354
15 358 364 362 372 361
16 360 361 371 366 346
17 354 359 358 366 366
18 362 366 367 361 357
19 363 373 364 360 358
20 372 362 360 365 367

5. Find the central line, UCL, and LCL for the mean.
6. Find the central line, UCL, and LCL for the range.
7. Plot an X chart. 8. Plot an R chart.



Subgroup Meanx Range R

Hour Torques (MN-m) offive engines | 358.8 14
1 366 352 354 360 362 2 365.6 18
2 370 174 362 366 356 3 362.6 15
3 358 357 365 372 361 4 363.4 9
4 60 368 367 359 363 5 352.0 8
5 352 3156 354 348 350 6 366.4 1
6 366 61 372 370 363 7 364.8 9
7 365 66 361 370 362 8 360.4 10
8 354 363 a0 361 364 0 360.6 [
g 361 358 356 64 364 10 364.0 10
10 368 366 368 358 360 1 31578 9
1 355 360 359 362 353 2 264 6 13
A
14 348 360 152 360 354 4 3548 12
15 358 364 362 372 36l i 2634 14
16 360 361 371 366 346 1o 360.8 25
17 354 350 358 366 366 1 360.6 12
18 362 366 367 361 357 15 362.6 10
19 363 373 364 360 358 19 363.6 15
20 372 362 360 365 367 20 365.2 12

Sum 72358 248
Mean 361,79 124

A

CL: x=361.79N-m

UCL(x)=x+ 4, R =361.79+0577(12.4

=3689 N-m

LCL(x)=x- 4,R =361.79-0577(12.4

=3546 N-m

6.

Range (N + M)

CL: R=124N-m
LCL(R) = D, R =0.000(12.4) = 0.000 N-m
UCL(R)=D,R=2.115(124) =262 N-m

|
g AE o UCL = 3689
=5 =
=T w0 “ X = 361,785
O LCL = 3546
:’:' 35“ I 11 Lk ! | | 11 I L1 I L1 i =
2 05 8 11 14 17 20
Huur
28
—- UCL = 26,22
R=124
LCL =




[Ch. 22.6: Linear Regression

We are finding the equation of a straight
Ine that passes through a set of points.
Regression: fitting of a curve to a set of
noints.

Linear regression: fitting a set of points to
a straight line.

Nonlinear regression: fitting a set of
points to some other curve. —>
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[Linear Regression

Wiy linear regression

to express a concise relationshi
variables,

)

9

0 between

to use the equation to predict certain

fundamental results,

to determine the reliability of certain sets of
data,

to use the data for testing certain theoretical
concepts.

Copyright © 2005 Pearson Education Canada Inc.
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[Linear Regression

We are working with a set of at least 5
or 6 points.

We cannot reasonably expect that a
line will pass through all points exactly.

The question is:
Which straight line fits best? .

Copyright © 2005 Pearson Education Canada Inc. 22-293




[I\/Iethod of Least Squares

The sum of the squares of the
deviations of all data points from the
best line (in accordance with this
method) has the least value possible.

Deviation: the difference between the y-
value of the line and the y-value for the

point (of original data) for a particular
value of x.
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[I\/Iethod of Least Squares

The equation of the least-squares

line:

y =mx+b

/

N\

m

oy (@) | )y

nEx* — (XX )

nxx* —(Zx)’
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= The equation of the least-squares

line:
Yy =mx+b]
— N
nZxy—(Ex)Zy) (= (=y) - (Zxy)(=x)
= b =
M= 52 (=) nEx —(2xf EXAMPLE 3 Finding equation of least-squares line
Find the equation of the least-squares line for the points indicated in the following
L table. Graph the line and data points on the same graph.
x|1]2]3]|4]s
y|3|6]|6]8]12
y

We see from Eqs. (22.10) and (22.11) that we need the sums of x, y, xy, and x%in
order to find m and b. Thus, we set up a table for these values, along with the neces-
sary calculations, as follows:

L

5 i x |y |l o2
1] 3 3 1
§ 2 }E ; n =135 (5points)
s 8! 32116 o 5(125) — (15)(35) _ 100 _ 5

Fig. 22.23 sl12!1 60 25 5(55) — (15) 50
sums — 15 | 35 [ 125 | 55 p = 99)B5) — (125)(15) _ 50 _ ,

TrT 1T 1 50 50

2x 2y 2xy 21

This means that the equation of the least-squares line is y = 2x + 1. This line
and the data points are shown in Fig. 22.23. |
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| ? Ex 22.6 7

EXERCISES 22.6

In Exercises |- 14, find the equation of the least-squares line for the
given data. Graph the line and data points on the same graph.

1. In Example 3, replace the y-values with 3, 7,9, 9, and 12. Then
follow the instructions above.

2x] 1] 2] 3| 4] s
101728 [37]49 56|72

38 | 48
|20||00

8|8

x| 20| 26| 30
y I60|

x| 1| 3| 6]s5]s8]w] a|7]| 3]s
ylis|n2fwo|[s|o] 2(u]o|nf?

S. In Example 5, change the y (mg of drug/dL of blood) values to

8.7,84,7.7,7.3,5.7, 5.2, Then proceed to find y as a function of

f, as in Example 5,

Copyright © 2005 Pearson Education Canada Inc.

6. The velocity v (in m/s) of a falling object was found each second
by use of an electronic device, as shown in the following table.
Find v as a function of 1.

t(s) | 100| 200] 300]| 400 | 5.00]| 600 | 7.00

v(m/s)[ 970 [ 195 | 295 | 394 |492 [ 589 |686

7. In an electrical experiment, the following data were found for the
values of current and voltage for a particular element of the cir-
cuit, Find the voltage V as a function of the current i.

Current (mA) | 150 | 108 | 930 | 355 | 4.60
Voltage (V) | 3.00 | 4.10 | 5.60 | 800 | 1050

8. A particular muscle was tested for its speed of shortening as a
function of the force applied to it. The results appear below. Find
the speed as a function of the force.

ForceN) | 600 | 442 | 373 | 242 | 195
Speed (m/s) | 125 | 1.67 | 1.96 | 2.S6| 3.05
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.0 | v W i
15.0 | 3.00 | 45.00 | 225.00
_,_AX 108 | 4.10 | 44.28 | 116.64
9.30 | 5.60 | 52.08 | 86.49
3.55 | 8.00 | 2840 | 12.60
4.60 |10.50 | 4830 | 21.16
4325 [ 31.20 | 218.06 | 461.89
!.l'
[

n=3
. _ 5(218.06) - (43.25)(31.20)

5(461.89)~(43.25)°

= *

= -0.590

V=mi+bh V==0590{+11.3
Plot points:
i ¥
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Ch. 22.7: Nonlinear
[Regression

Nonlinear regression: fitting a set of
points to some other curve.

From a plot of points, we may recognize
a different type of curve.

We extend the method of least squares
to these other curves.
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to Nonlinear Regression

[Extending Linear Regression

The least squares line In linear regression

y=mx+Db

-

The least squares line in nonlinear regression

y =m[f(x)][+Db

Copyright © 2005 Pearson Education Canada Inc.
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y =ml[f(x)]+b

- _ NI )y - (EF (0))Zy)

nZ( f (X)) = (ZF (X))

o (B 00°)zy) - (=F 9y IEf ()
nZ( f (x))° - (S (x))

222222



Using Nonlinear Regression
[Equaﬂons

We calculate the function first then
deal with the problem as a least-
squares line to find the values of m

and b.

Some functions are:
o Quadratic: x?
o Hyperbolic: x* (or 1/x)
o Exponential: 10%
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y=m[f(x)]+b

_ Oy = (FOX)|, _ (5 @ o)~ (@) ()
nZ(f(x))* - (Zf () nZ(f(x))* —(Zf (x)f

EXAMPLE 1 Fittingy = mx® + b to set of points

Find the least-squares curve y = mx® + b for the following points:

x|U
v |1

| .
| 5]12] 24|53

In uﬁlng, Eq. (22.12), f(x) = x%. Our first step is to calculate values of x%, and then
we use x° as we used x in finding the equation of the least-squares line.

x | flx)=x*| y | xty | (x¥)°

0 0 1 0 0 n=~6

1 1 S5 ) 1 6(3017) — 55(171)

2 4 12| 48 | 16 m = — =

3 9 24 | 216 | 81 6(979) - 55

4 16 53 | 848 | 256 - (979)(171) — (3017)(55) _ 0.5

: 5 25 76 | 1900 | 625 - 6(979) — 55° T

Fig, 22.27 55 171 | 3017 | 979

Therefore, the required equation is y = 3.05x> + 0.52. The graph of this equation
and the data points are shown in Fig. 22.27. ]



[ ?Ex227q6 |

2. For the points in the following table, find the least-squares curve

y=mVx + b.
x|o|a]| 8]12]16
yl1|9f1n|14]i1s

y=mlf(x)]+b

:ﬂZf(x)y—(Zf(x)XEy) _ (& Nzy)-( Ef(t)y}(Ef(t))
nZ(f (%) = (5 (%)) nE(f () -(F@F |




6. y=m(x’)+b

2
r y X yxz ( X )
50.0 | LOO | 2500 2500 6,250,000
100 | 4.40 | 10,000 | 44,000 110"

150 | 9.40 | 22,500 | 211,500 | 5.0625x10°
200 | 164 | 40,000 | 656000 16x10"
250 | 24.0 | 62,500 | 1,500,000 | 39.0625x10"
55.2 | 137,500 | 2,414000 | 61.1875x10°

n=5
5(2,414,000) -(137,500)(55.2)
5(61.1875x10" ) -(137,500)’
o (61.1875x10%)(55.2) - (2,414,000)(137,500)
5(61.1875x10")-(137,500)’

m = =3.833x10°¢

=10.50
y =0.000383x* +0.50

=¥

0

4

150 210 270

X
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Frequency

o —  Histogram median is the middle nunber

15+ &
5
" iy Mean = Sum of all the values
S [ Number of values
N 2 ot ol W | ) )|
2 7 12 17 22 27
Hours Fig. 22.1
_ X xfitx, o+t x S
20} Frequency X = Sy
is1 Polygon ht i+t ],
10 ¢ Complete polygon .
® e e Mode

Frequency

The value that appears most frequently.

&1
2 7 12 17 22 27 2
Hours Fig.22.2
SN
D ( X — X )2 Stibdard ) scoce o Out of control
— = P -
n 1 Standard error of ¥ ST Upper control limit
o L —= Centreline
Standard error of s o5 = L N v o
y 2n Lower control limit
0.3413 | 0.3413
0.1359 0.1359 Y= mx—+Db
. : . — X
-3 -2 -1 0 1 2 3
-3 -2 - wu=0 o 20 3o



Arithmetic mean

Standard deviation

Normal distribution

Standard normal distribution

Least-squares lines

Nonlinear curves

xfi+ xpfa + 0+ XS
fi+tfat oo T [

1 Z(x—'jc)2

n—1

i \/n(zxz) =)

n(n — 1)

=

e (x—n)f2d?

Y Standard (z) score

y= \/;—we—ﬁ 2 Standard error of ¥
Standard error of s

y=mx+b

3o (35)(2)
22 Zx)z
- (z2)(2)-(z0)(5)
w2~ ()

y =m[f(x)] + b

X — M
4 e o
Iy
9= n
o
O = ——rx
* A/2n
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